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1.1 Motivation and Introduction
The subject of concern in the present thesis is the field of low-dimensional
topology, the goal of which is to understand 3–dimensional and 4–dimensional
manifolds, as well as the interaction between them. An n–dimensional mani-
fold is a topological space that, in a small neighborhood of each point in the
space, is indistinguishable from the familiar Euclidean space of dimension n:
Rn. For example, a 1–manifold looks locally like a line, and a 2–manifold, also
called a surface, looks locally like a plane. Thus, a 3–manifold is a space that
looks locally like the spacial world we inhabit, and a 4–manifold allows for a
fourth dimension at each point. From this view point, the objects are highly
intuitive objects and are well-deserving of rigorous mathematical study.
The theme of the material that follows is the interaction between 1–,
2–, 3–, and 4–manifolds. It turns out that these objects are very complicated
mathematically, and many years of fruitful research has revealed only some
of the many interesting aspects of their structure and interaction. One way
to understand complicated objects such as 3–manifolds and 4–manifolds is to
study them through the lens of knot theory. A circle is a simple example of a
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1–manifold, and knot theory is the study of “the placement problem” for the
circle. In other words, a knot is a placement of the circle in 3–space, and knot
theory is the study of all possible such placements, called embeddings.
The present work is interested in two aspects of knot theory. The first is
called Dehn surgery and is a highly useful technique for studying 3–manifolds.
Dehn surgery is the process of taking a knot in 3–space, and removing a tubular
neighborhood of the knot only to glue it back in in a nontrivial way. This
process can produce nontrivial 3–manifolds whose properties can be inferred,
in many cases, from properties of the original knot. In this way, the study of a
complicated object, such as a 3–manifold, is reduced to a more intuitive, but
still mathematically rich study, namely, that of knots in 3–space. This is the
subject of study in Chapter 2.
The second aspect of knot theory discussed below is the study of slice
knots and doubly slice knots. Just as we can study knots in 3–space when
considering the “placement problem” for the circle, we can also study objects
called 2–knots in 4–space. These are embeddings of the 2–dimensional sphere
into 4–space, and the study of such objects might be called the “placement
problem” for spheres. Give such a 2–knot in 4–space, we can consider its
intersection with the standard copy of 3–space that divides 4–space. This
intersection sometimes turns out to be a knot in 3–space. A knot that arises
in this way is called a slice knot, because it is a slice of a 2–knot. If the original
2–knot is trivially embedded in 4–space, i.e., if it is unknotted, then any knot
arising as the sliced cross-section is called doubly slice.
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Based on the set-up discussed in the previous paragraph, it is not hard
to believe that the study of slice knots and doubly slice knots is intimately
related to the study of 4–dimensional manifolds. So, once again, we have
reduced the study of complicated objects to the more intuitive realm of knot
theory. It is a beautiful fact that much of the complicated behavior of 4–
manifolds, such as the difference between smooth and topological 4–manifolds,
can be realized by objects as simple as knots. This is the subject of study in
Chapter 3.
1.2 Introduction to exceptional Dehn surgery and sum-
mary of results
Dehn surgery provides a natural and powerful way of connecting the
study of 3–manifolds to the study of knots. In light of Perelman’s resolution
of Thurston’s Geometrization Conjecture [Per02, Per03a, Per03b, Thu82a],
exceptional Dehn surgery gives us an excellent framework to understand 3–
manifolds. In particular, we know that most knots are hyperbolic and that
performing Dehn surgery on a hyperbolic knot almost always gives rise to a hy-
perbolic manifold [Thu82b]. Because of this, it is natural to try to understand
when a hyperbolic knot admits a non-hyperbolic Dehn surgery. Such a surgery
is called exceptional. Much work has been done to try to understand this phe-
nomenon, but there remain many interesting open questions and conjectures
(for an excellent survey, see [Gor09a]).
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One type of exceptional Dehn surgery, those producing small Seifert
fibered spaces, has evaded our understanding even more than the others. This
area is the focus of the first half of the present work. The results from Chapter 2
also appear in [Mei14], and provide the final piece in the classification of excep-
tional Seifert fibered surgeries on pretzel knots, as well as a result that, along
with recent work of Ichihara and Masai [IM13], completes the classification for
all Montesinos knots. In [IM13], it was shown that K[−1/2, 2/5, 1/(2q + 1)]
with q ≥ 5 admits no Seifert fibered surgeries. The main results of Chapter 2
can be stated as follows.
Theorem A ([Mei14]). Let Kq = P (−2, 3, 2q + 1) for |q| ≥ 3, and let Ka =
P (3,−3, a) for a ∈ [2, 6].
• The only hyperbolic pretzel knots admitting Seifert fibered surgeries are
the Kq and K
a.
• TheKq each admit exactly two small Seifert fibered surgeries when q ≥ 4,
while the Ka each admit exactly one.
Theorem B ([Mei14]). If K is a hyperbolic, non-pretzel Montesinos knot
admitting a Seifert fibered surgery, then one of the following holds:
• K = K[1/3,−1/3, 2/5], and K admits one Seifert fibered surgery.
• K = K[−1/2, 1/3, 2/(2a + 1)] with a = 3, 4, or 5, and K admits three
Seifert fibered surgeries if a = 3 or 4, and two if a = 5.
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• K = K[−1/2, 2/5, 1/(2q + 1)] with q = 1, 2, or 3, and K admits three
Seifert fibered surgeries if q = 1, two if q = 2, and one if q = 3.
• K = K[−1/2, 2/5, 1/(2q + 1)] and q ≥ 5.
As a corollary, we answer the Seifert Fibered Space Conjecture for all
Montesinos knots, i.e., any exceptional Seifert fibered surgery on a hyperbolic
Montesinos knot must be integral. Portions of Theorem A and B were inde-
pendently proved by Wu (see [Wu12b, Wu13]) using the computer program
Snappex.
Note that the surgeries in Theorem A were previously known, and
K3 = P (−2, 3, 7) is known to admit precisely three finite Seifert fibered space
surgeries, including two lens space surgeries [EM02].
1.3 Introduction to doubly slice knots and summary of
results
Knots don’t just give us information about 3–dimensional topology,
they also provide a means of studying 4–dimensional phenomena. One partic-
ularly interesting instance of this is the study of slice knots and doubly slice
knots. A knot is called slice if it can be realized as the equator of an embedding
of S2 into S4. Similarly, a knot is called doubly slice if it can be realized as the
equator of an unknotted embedding of S2 in S4. Slice knots have been used to
study exceptional 4–manifolds (see [GS99] for an overview), and the study of
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doubly slice knots is related to the study of 3–manifolds that embed in S4 (see,
for example, [Don12, GL83]). In these ways, by understanding when knots are
slice or doubly slice, we are capturing some of the subtlety and profundity of
4–dimensional topology in the more approachable study of knots in S3.
Even though slice knots and doubly slice knots are defined in similar
ways, the study of doubly slice knots turns out to be significantly more com-
plicated than the study of slice knots. For this reason, the large number of
interesting breakthroughs in the study of slice knots over the last 60 years have
not, for the most part, been paralleled in the study of doubly slice knots. For
example, one of the most fascinating aspects of 4–dimensional topology is the
discrepancy between the smooth and topologically locally flat categories not
present in lower dimensions, a discrepancy that has been beautifully captured
in the study of slice knots. In the second part of this thesis, we give the first
examples demonstrating the presence of this beautiful phenomenon in doubly
slice knots. These results also appear in [Mei13].
Theorem C ([Mei13]). There exists an infinite family of smoothly slice knots
that are topologically doubly slice, but not smoothly doubly slice.
One would like to say that these knots form a subgroup isomorphic to
Z∞ inside the subgroup of the smooth double concordance group consisting of
topologically doubly slice knots, but there is a complication that arises in the
definition of doubly slice knots (see Question 3.1.1). On the other hand, we
prove the following.
6
Theorem D ([Mei13]). The subgroup of the smooth double concordance
group consisting of topologically doubly slice knots contains an infinitely gen-
erated subgroup whose members are smoothly slice knots.
These proofs utilize the correction terms coming from Heegaard Floer
homology to obstruct certain 3–manifolds from embedding smoothly in S4.
One interesting corollary of this work is the construction of infinitely many
rational-homology 3–spheres that embed topologically in S4, but not smoothly.
Heegaard Floer homology is a powerful set of invariants of knots, 3–manifolds,




Small Seifert fibered surgeries on hyperbolic
Montesinos knots
2.1 Introduction1
The study of exceptional surgery on hyperbolic knots has been well de-
veloped over the last quarter century. One particularly well studied problem
is that of exceptional surgery on arborescent knots, which include Montesinos
knots and pretzel knots. Thanks to the positive solution to the Geometrization
conjecture [Per03a, Per03b, Per02], any exceptional surgery is either reducible,
toroidal, or a small Seifert fibered space. Exceptional surgeries on hyperbolic
arborescent knots of length 4 or greater have been classified [Wu11b], as have
exceptional surgeries on hyperbolic 2-bridge knots [BW01]. It has been shown
that no hyperbolic arborescent knot admits a reducible surgery [Wu96], and
toroidal surgeries on hyperbolic arborescent knots of length three are com-
pletely classified [Wu11a].
Therefore, it only remains to understand small Seifert fibered surgeries
on Montesinos knots of length three. Furthermore, finite surgeries on Mon-
1Portions of this chapter have been previous published: Jeffrey Meier, Small Seifert
fibered surgery on hyperbolic pretzel knots, Algebraic & Geometric Topology 14 (2014), no.
1, 439-487.
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tesinos knots only occur in two instances, along three slopes of the pretzel knot
P (−2, 3, 7) and along two slopes of the pretzel knot P (−2, 3, 9) [FIK+09, IJ09].
Thus, one must only consider non-finite, atoroidal Seifert fibered surgeries on
hyperbolic Montesinos knots of length three.
According to Wu [Wu10, Wu11c], the only hyperbolic Montesinos knots
of length three that are pretzel knots and might admit Seifert fibered surg-
eries have the form P (q1, q2, q3) or P (q1, q2, q3,−1), where (|q1|, |q2|, |q3|) =
(2, |q2|, |q3|), (3, 3, |q3|), or (3, 4, 5), and in the length four case, then qi > 0 for
i = 1, 2, 3. Recently, it was shown that hyperbolic pretzel knots of the form
P (p, q, q) with p, q positive [IJ11] or P (−2, p, p) with p positive [IJK11] do not
admit Seifert fibered surgeries.
Further work by Wu [Wu10, Wu11b, Wu11c] tells us that if a non-
pretzel Montesinos knot admits a small Seifert fibered surgery, then it has
one of the following forms: K[1/3,−2/3, 2/5], K[−1/2, 1/3, 2/(2a + 1)] for
a ∈ {3, 4, 5, 6}, or K[−1/2, 1/(2q + 1), 2/5] for q ≥ 1.
In this chapter, we address the issue of which of the above listed Mon-
tesinos knots admit small Seifert fibered surgeries. The main results are stated
below. Keep in mind that there is an orientation reversing homeomorphism
K(α) = K(−α), where K is the mirror of K. Thus, we often consider in our
analysis, and present in our results, only one representative of {K,K}.
For the following theorem, recall that the pretzel knot P (p, q, r) with
|p|, |q|, |r| ≥ 2 is hyperbolic unless it is either P (−2, 3, 3) or P (−2, 3, 5), in
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which case it is the torus knot T (3, 4) or T (3, 5), respectively ([Oer84]). Below,
when we consider the knots P (−2, 2p+1, 2q+1), we will assume that |p| < |q|
when p and q have the same sign and that p > 0 when their signs differ.
Theorem 2.1.1. The hyperbolic pretzel knot P (−2, 2p+ 1, 2q + 1), with the
conventions discussed above, admits a small Seifert fibered surgery if and only
if p = 1, in which case it admits precisely the following small Seifert fibered
surgeries:
• P (−2, 3, 2q + 1)(4q + 6) = S2(1/2,−1/4, 2/(2q − 5))
• P (−2, 3, 2q + 1)(4q + 7) = S2(2/3,−2/5, 1/(q − 2))
Theorem 2.1.2. Hyperbolic pretzel knots of the form P (3, 3,m) or P (3, 3, 2m,−1)
admit no small Seifert fibered surgeries. Pretzel knots of the form P (3,−3,m),
with m > 1, admit small Seifert fibered surgeries precisely in the following
cases:
• P (3,−3, 2)(1) = S2(1/3, 1/4,−3/5)
• P (3,−3, 3)(1) = S2(1/2,−1/5,−2/7)
• P (3,−3, 4)(1) = S2(−1/2, 1/5, 2/7)
• P (3,−3, 5)(1) = S2(2/3,−1/4,−2/5)
• P (3,−3, 6)(1) = S2(1/2,−2/3, 2/13)
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Theorem 2.1.3. The pretzel knots P (3,±4,±5) and P (3, 4, 5,−1) admit no
small Seifert fibered surgeries.
Theorem 2.1.4. Suppose that K is a non-pretzel Montesinos knot and K(α)
is a small Seifert fibered space. Then either K = K[−1/2, 2/5, 1/(2q + 1)] for
some q ≥ 5, or K is on the following list and has the described surgeries.
• K[1/3,−2/3, 2/5](−5) = S2(1/4, 2/5,−3/5)
• K[−1/2, 1/3, 2/7](−1) = S2(1/3, 1/4,−4/7)
• K[−1/2, 1/3, 2/7](0) = S2(1/2, 3/10,−4/5)
• K[−1/2, 1/3, 2/7](1) = S2(1/2, 1/3,−16/19)
• K[−1/2, 1/3, 2/9](2) = S2(1/2,−1/3,−3/20)
• K[−1/2, 1/3, 2/9](3) = S2(1/2,−1/5,−3/11)
• K[−1/2, 1/3, 2/9](4) = S2(−1/4, 2/3,−3/8)
• K[−1/2, 1/3, 2/11](−2) = S2(−2/3, 2/5, 2/7)
• K[−1/2, 1/3, 2/11](−1) = S2(−1/2,−2/7, 2/9)
• K[−1/2, 1/3, 2/5](3) = S2(1/2,−1/3,−2/15)
• K[−1/2, 1/3, 2/5](4) = S2(1/2,−1/6,−2/7)
• K[−1/2, 1/3, 2/5](5) = S2(−1/3,−1/5, 3/5)
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• K[−1/2, 1/5, 2/5](7) = S2(1/2,−1/5,−2/9)
• K[−1/2, 1/5, 2/5](8) = S2(−1/4, 3/4,−2/5)
• K[−1/2, 1/7, 2/5](11) = S2(−1/3, 3/4,−2/7)
Each of the theorems stated above is proved below using a common
procedure. First, we exploit the symmetries of the Montesinos knots in ques-
tion to describe the surgery space as a branched double cover of a link. Next,
we use rational tangle filling theory and exceptional surgery bounds to restrict
our attention to a finite list of such links, i.e, we restrict the parameters for
which the Montesinos knots in question can admit small Seifert fibered surg-
eries. Finally, we use knot theory invariants to show that the branched double
covers of links on this finite list cannot be Seifert fibered (excepting, of course,
the cases that are). This last step makes use of the Mathematica R© package
KnotTheory‘ [Wol99].
It should be noted that, concurrent with the preparation of this chapter,
the author learned that similar results had been obtained by Wu, though using
different techniques. Wu also restricts the families to finite families of surgery
spaces, but does so by studying exceptional surgery on tubed Montesinos knots
(see [Wu12a]). He then appeals to the computer program Snappex, to deter-
mine the hyperbolic structure of the surgeries in question (see [Wu12c]).
Organization. Section 2.2 presents general background material and outlines
how knot invariants will be used to obstruct small Seifert fibered surgeries.
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Sections 2.3, 2.4, 2.5, and 2.6 present, respectively, the proofs of Theorems
2.1.1, F, 2.1.3, and 2.1.4.
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2.1.1 A word on non-integral surgeries
In a survey by Wu [Wu98a], it is shown how techniques and results from
[Bri98, Wu98b] can be combined with work of Delman [Del95] to study which
length three Montesinos knots have exteriors that admit persistent essential
laminations.
Theorem 2.1.5. LetK be a hyperbolic Montesinos knot of length three. Then
the exterior of K admits a persistent essential lamination, and, thus, cannot
admit a non-integral small Seifert fibered surgery, unless K = K[x, 1/p, 1/q]
(or its mirror image), where x ∈ {−1/(2n),−1 ± 1/(2n),−2 + 1/(2n)}, and
p, q, and n are positive integers.
With this in mind, for many of the families of pretzel knots considered
in this paper, it is only necessary to consider integral surgeries. However, for
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some families, it is necessary to consider non-integral surgeries. To be specific,
of all the pretzel knots considered in this paper, only the following families
could potentially admit non-integral small Seifert fibered surgeries:
• P (−2, 2p+ 1, 2q + 1) with 1 ≤ p < q
• P (3, 3,−2m) with m ≥ 2
• K[−1; 1/3, 1/3, 1/2m] with m ≥ 1
• P (3,−4, 5) or P (3, 4, 5,−1)
Thus, whenever such a family is considered, we have shown that, in
fact, there are no non-integral small Seifert fibered surgeries. One of the
biggest open problems in the study of exceptional Dehn surgery is the following
conjecture (see [Gor09b]).
Conjecture 2.1.6. Any Seifert fibered surgery on a hyperbolic knot is inte-
gral.
The results of this paper are the final steps of an affirmative answer to
Conjecture 2.1.6 in the case of hyperbolic arborescent knots.
Theorem 2.1.7. Any Seifert fibered surgery on a hyperbolic arborescent knot
is integral.
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2.1.2 A note of the classification for Montesinos knots
After the results in this chapter were announced, Ichihara and Masai
[IM13] proved that the knots K[−1/2, 2/5, 1/(2q + 1)] admit no small Seifert
fibered surgeries for q ≥ 5. When taken together with the present work,




Let K be a knot in S3, and let N(K) be a regular neighborhood of K.
Let MK = S3\N(K) be the exterior of K. The set of isotopy classes of simple
closed curves on ∂N(K) = ∂MK is in bijection with H1(∂MK), the latter of
which is naturally generated by two elements: [µ] and [λ], where [µ] generates
H1(MK) ∼= Z, [λ] = 0 ∈ H1(MK), and µ and λ intersect geometrically once
on ∂MK . Orient µ and λ so that µ · λ = +1. The unoriented isotopy class of
a simple closed curve γ ⊂ ∂MK is called a slope and can be thought of as an
element m/l ∈ Q ∪ {∞}, where [γ] = m[µ] + l[λ] in H1(∂MK). The curves µ
and λ are called the meridian and the longitude, respectively.
Given two slopes α and β on T 2, let the distance between α and β,
∆(α, β) be their minimal geometric intersection number. If α = m/l and
β = m′/l′, then we have ∆(α, β) = |ml′ −m′l|.




Figure 2.2.1: On the right, we see the exterior, MK , of the left-handed trefoil.
The surgery space K(0) is formed by filling the boundary of MK with a solid
torus such that the meridian maps to a 0-slope (a longitude of K) on ∂MK .
which takes the meridian of V to a slope α on ∂MK . Then Dehn surgery on
K along α, or α-Dehn surgery on K, is the space K(α) = MK ∪ ϕV . See
Figure 2.2.1. For a general overview of the theory of Dehn surgery, a subject
that has been well-studied since its introduction by Dehn in 1910 [Deh10], see
[Gor09b].
Dehn surgery generalizes nicely to manifolds M with a torus boundary
component T ⊂ ∂M , where M may not be the complement of knot in S3. Let
α ⊂ T be a slope, then α-Dehn filling of M on T is the space M(α) = M∪ϕV ,
where ϕ : ∂V → T sends the meridian of V onto α. One difference in this
scenario is that there may be no canonical way to distinguish a longitude on
T , however, ∆(α, β) is still well-defined for any pair of slopes, α and β.
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A A′
Figure 2.2.2: On the left, we see a (4, 5)-curve J inside a solid torus, V , and,
on the right, we see a cross section of V − N(J), along with two interesting
annuli, A and A′.
2.2.2 Cable spaces
Let V be a solid torus, and let J be a (p, q)-curve inside V (see Figure
2.2.2). The cable space, C(p, q), is the space formed by removing a regular
neighborhood of J . Let T1 = ∂V and T0 = ∂N(J). There is a properly
embedded annulus, A, connecting the two boundary components such that
A ∩ T1 is a p/q-curve (in terms of the standard meridian and longitude on V )
and γ = A∩T0 is a pq/1-curve (see Figure 2.2.2). Let µ and λ be some choice
of meridian and longitude for T0. Then the slope γ is called the cabling slope
for C(p, q).
Let A′ be a properly embedded annulus such that A′ ∩ T0 is two pq/1-
curves, parallel to each other and to γ (see Figure 2.2.2). Now, let C(p, q)(α)
denote α-Dehn filling on T0. Then, if α = γ, this filling has the effect of
capping off A′ to form a separating 2-sphere, S, and capping off one boundary
component of A to form a disk, D, which intersects T1 in a p/q-curve. The
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result is that C(p, q)(γ) = (S1 ×D2)#L(q, p).
Let t : C(p, q) → C(p, q) represent Dehn twisting along A. Then,
tl(µ) = µ + l(pqµ + λ)) = (lpq + 1)µ + lλ. Since C(p, q)(µ) = S1 × D2, it
follows that C(p, q)(tl(µ)) = S1 × D2. So, slopes of the form (lpq + 1)/l all
correspond to surgery slopes on T0 that yield solid tori.
This shows that cable spaces have infinitely many fillings returning solid
tori, all at distance one from the cabling slope.
On the other hand, we have the following lemma, which follows from the
Cyclic Surgery Theorem [CGLS87] and work of Gabai [Gab89]. See [Kan10]
for a proof and more general discussion.
Lemma 2.2.1. (a) Let M 6= T 2 × I be an irreducible and ∂-irreducible 3-
manifold with a torus boundary component, T0. Let T1 be an incompress-
ible torus in M , distinct from T0. If α and β are slopes on T0 ⊂ ∂M with
∆(α, β) ≥ 2, such that T1 is compressible in M(α) and M(β), then M is
a cable space with cabling slope γ such that ∆(α, γ) = ∆(β, γ) = 1.
(b) Let M 6= T 2 × I be an irreducible and ∂-irreducible 3-manifold with a
torus boundary component, T0. Let T1 be an incompressible torus in M ,
distinct from T0. If α and β are slopes on T0 ⊂ ∂M with ∆(α, β) = 1,
such that T1 is compressible in M(α) and M(β), then either
(a) M is a cable space with cabling slope α or β, or
(b) M is the exterior of a braid in a solid torus, M(α) and M(β) are
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solid tori, and ∆(ηα, ηβ) ≥ 4, where ηα and ηβ are the induced slopes
of the meridian on T0.
2.2.3 Seifert fibered spaces
A fibered solid torus is formed by gluing the ends of D2 × I together
with a twist ρ through 2pip
q
, where q ≥ 1 and p and q are relatively prime.
There are two types of fibers : the central fiber, i.e., the image of (0, 0)×I after
gluing, and the union of the arcs x×I, ρ(x)×I, · · · , ρq−1(x)×I, for x 6= (0, 0).
A Seifert fibered space is a 3-manifold that can be decomposed as a
disjoint union of circles (called fibers), where each fiber has a regular neigh-
borhood homeomorphic to a fibered solid torus, i.e., the fiber becomes the
central fiber of the fibered solid torus. Viewing the neighborhood this way, if
q = 1, we say the fiber is ordinary. If q ≥ 2, we say the fiber is exceptional
with multiplicity q. In the latter case, the fibers surrounding the central fiber
are called (p, q)-curves.
If M is a Seifert fibered space, there is a natural projection pi : M → Σ
that identifies each fiber to a point. The surface Σ is called the base space.
We can record the exceptional fiber information in the form of cone points
on Σ, so M is a circle bundle over the resulting orbifold. Another way to
recover M is to remove a disk neighborhood of each cone point on Σ and cross
the resulting surface with S1. The result is a manifold with torus bound-
ary components. If we choose meridian and longitude coordinates for each
boundary component so that the projection of the meridians to the base sur-
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faces is one-to-one onto the boundary of the removed disks and the longi-
tude is ? × S1 in the circle product, then M is the result of Dehn filling on
the boundary components along the slopes p′/q, where pp′ ≡ 1 (mod q). If
M is a Seifert fibered space with base space Σ and n exceptional fibers with
fibered solid torus neighborhoods consisting of (pi/qi)-curves for i = 1, 2, . . . , n,
we write M = Σ(p′1/q1, . . . , p
′
n/qn), or sometimes M = Σ(q1, . . . , qn). In
fact, the homeomorphism type of M is determined by Σ and the Seifert
invariants : {p′1/q1, . . . , p′n/qn}, up to permutation, and up to the relation
{p′1/q1, p′2/q2, . . . , p′n/qn} = {p′1/q1 ± 1, p′2/q2 ∓ 1, . . . , p′n/qn}. In other words,∑n
i=1 p
′
i/qi is an invariant of M . Because of this, it is often useful to standard-
ize the notation so that the Seifert invariants are all positive and less than one.
To do this, we subtract out the integer part of each fraction and collect them
in a single term, b. We write M = Σ(b; p′1/q1, . . . , p
′
n/qn), where 0 < p
′
i < qi
and b ∈ Z.
A Seifert fibered space is called small if the base space is a sphere and
the number of exceptional fibers is at most three.
Next, we recall a fact about Dehn filling on Seifert fibered manifolds
that will be useful throughout this paper. Let M be a Seifert fibered manifold
with a torus boundary component T ⊂ ∂M . The fibering of M induces a
fibering of T , and the slope, γ, of the induced fibers on T is called the Seifert
slope of T . Now, the Seifert fibering of M will extend to a Seifert fibering of
α-Dehn filling on M provided that α 6= γ. In fact, we have the following. See
[Hei74] for a complete treatment of Dehn filling on Seifert fibered spaces with
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boundary.
Lemma 2.2.2. If M is a Seifert fibered manifold with base surface Σ and n
exceptional fibers, T ⊂ ∂M is a torus boundary component (corresponding
to a circle boundary component C ⊂ ∂Σ), and γ is the Seifert slope T , then
let M(α) denote α-Dehn filling on T , let d = ∆(α, γ), and let Σˆ = Σ ∪C D2.
Then,
(a) If d ≥ 2, M(α) is a Seifert fibered space with base surface Σˆ and n +
1 exceptional fibers (the original exceptional fibers, plus a new one of
multiplicity d).
(b) If d = 1, M(α) is a Seifert fibered space with base surface Σˆ and (the
original) n exceptional fibers.
(c) If d = 0, M(α) = N#L, where N is a Seifert fibered space with base
surface Σˆ and (the original) n exceptional fibers, and L is a Lens space.
As an example, consider D2(a, b) with Seifert slope r/s, and let d =
∆(m/l, r/s) = |ms− lr|. Then (as developed in [Gor09b]),
D2(a, b)(m/l) =

S2(a, b, d) if d ≥ 2
L(m, lb2) if d = 1
L(a, b)#L(b, a) if d = 0
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2.2.4 Montesinos knots
A tangle is a pair (B,A), where B ∼= B3 and A is a pair of properly
embedded arcs in B. A marked tangle is a tangle along with an identification
of its boundary ∂(B,A) = (S, S ∩A), which is a 2-sphere with 4 distinguished
points, with the pair (S2, {NE,NW,SW,SE}). The trivial tangle is the tangle
which is homeomorphic as a marked tangle to (D2, {2 points})× I. Let h and
r be the tangle operations where h adds a positive horizontal half-twist (right-
handed), and r is reflection in the (NW/SE)-plane.







The rational tangle, R(p/q) is formed by applying the operation
(hcmr)(hcm−1r) · · · (hc1r) to the trivial tangle, which we denote R(1/0). Note
that, as an unmarked tangle, R(p/q) is trivial, one can just untwist it. On
the other hand, Conway showed [Con70] that, as marked tangles, R(p/q) =
R(p′/q′) if and only if p/q = p′/q′.
A Montesinos link of length n is a link formed by connecting n ratio-
nal tangles to each other in a standard fashion. We denote such a knot by
K[p1/q1, . . . , pn/qn] (see Figure 2.2.3). In the special case where each pi = ±1,
we have what is called a pretzel knot. In this case, each tangle is just a strand
of vertical twists, since 1/q has the continued fraction expansion [q]. It is easy
to see that Montesinos links of length one or two are the same. These links
are called 2-bridge links, and will be denoted K[p/q], where p/q is the rational
number describing the tangle twists.
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Figure 2.2.3: Above we have the Montesinos knot K[1/3, 1/4,−3/5] and the
2-bridge knot K[43/95] (with continued fraction [2, 4, 1, 3, 2]).
Montesinos links of length three are determined up to the same re-
lations as Seifert fibered spaces, but when n > 3, the cyclic order of the
strands also matters. In either case, we can normalize the invariants and write
K[b; p1/q1, . . . , pn/qn] where 0 < pi < qi and b ∈ Z. In fact, we have the
following proposition, which follows from Theorem 2.2.5 below.
Proposition 2.2.3. The double cover of S3, branched along the Montesinos
link K[p1/q1, . . . , pn/qn], is the Seifert fibered space S
2(p1/q1, . . . , pn/qn).
We remark that it is often helpful to allow pi/qi to be zero, ∞, or 1 for
some i, in either the notation for Montesinos links or Seifert fibered spaces.
For our purposes, this will only happen when the length n is three or less, and
the result should be clear from the context. For example, K[1/3,−1/2, 1/0] is
the connected sum of a trefoil knot and a Hopf link, K[1/3, 2/7, 0] = K[2/13],
and S2(2, 3, 1) is a lens space.
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2.2.5 Seifert fibered surgery on knots with symmetries
In this section, we recall some known results about Seifert fibered
surgery on knots that admit a strong inversion, have period two, or both.
In what follows, let K ⊂ S3 be a knot and let ϕ : S3 → S3 be a non-trivial
orientation preserving involution such that ϕ(K) = K and Cϕ = Fix(ϕ) 6= ∅.
By the positive solution to the Smith conjecture, Cϕ is an unknotted circle in
S3 [MB84].
Definition 2.2.4. If Cϕ∩K 6= ∅, then ϕ is called a strong inversion of K and
K is called strongly invertible. In this case, Cϕ ∩K = 2 points and ϕ reverses
the orientation of K.
If Cϕ ∩K = ∅, then we say ϕ is a cyclic symmetry of order 2 and that
K has period 2.
In this paper, we will only be interested in strong inversions and cycles
of period 2. For a more general treatment of Dehn surgery on knots with
symmetries, see [Mot03].
First, let us consider strongly invertible knots. Let K ⊂ S3 be a knot
with a strong inversion ϕ. Then ϕ restricts to an involution of the knot
exterior, MK , and the quotient of MK by the action of ϕ is a tangle, TK . The
well-known Montesinos trick gives a correspondence between Dehn filling on
MK and rational tangle filling on TK . For details, see [Gor09b]. The following
is originally due to Montesinos [Mon75].
Theorem 2.2.5. Let T be a marked tangle. Then T˜(r/s) ∼= ˜T(−r/s).
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Figure 2.2.4: The knot P (3, 3,−6), shown with its three symmetries and the
resulting quotients.
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Let Lr/s = TK(−r/s), so Lr/s is a knot or a two-component link in
S3 with K(r/s) as the double cover of S3, branched along Lr/s. Suppose
that K(r/s) is a small Seifert fibered space. Let ϕ¯ : K(r/s) → K(r/s) be
the involution induced by extending ϕ across the filling solid torus. Then
K(r/s)/ϕ¯ = S3.
If K is not a trefoil knot, then we can assume that ϕ¯ is fiber-preserving
[Mot03]. Let pi : K(r/s) → S2 be the Seifert fibration of K(r/s). Let Cϕ¯ =
Fix(ϕ¯). If each component of Cϕ¯ is a fiber in K(r/s), then K(r/s)\Cϕ¯ admits
a Seifert fibered structure. Since this structure is compatible with ϕ¯, S3\Lr/s
admits a Seifert fibered structure. In other words, Lr/s is a Seifert link.
Let ϕˆ : S2 → S2 be the induced involution of the base orbifold. If
one component of Cϕ¯ is not a fiber in K(r/s), then ϕˆ is reflection across the
equatorial circle, Cϕˆ, of S
2 and all of the cone points lie on Cϕˆ [Mot03]. In
this case, Lr/s = Cϕ¯/ϕ¯ is a length three Montesinos link [MM02]. So, we have
the following, as stated in [IJ11].
Proposition 2.2.6. Let K be a strongly invertible hyperbolic knot, and let
r/s ∈ Q. Let Lr/s be the link obtained by applying the Montesinos trick to
K(r/s). If K(r/s) is a small Seifert fibered space with base orbifold S2, then
Lr/s is either a Seifert link or a Montesinos link.
Seifert links are well understood [BM70, EN85]. In the present pa-
per, we will only be concerned with Seifert knots and Seifert links with two
components, in which case we have the following.
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Lemma 2.2.7. Let L ⊂ S3 be a Seifert link with at most two components.
Then L is equivalent to one of the following:
(a) A torus knot
(b) A two-component torus link
(c) A two-component link consisting of a torus knot together with a core curve
of the torus on which it lies.
Note that, in particular, every component of a Seifert link is a torus
knot or an unknot.
Now let K ⊂ S3 be a knot with a cycle symmetry ϕ of order 2. Suppose
that K(r/s) is a Seifert fibered space with base surface S2, and let ϕ¯ be the
extension of ϕ|MK to K(r/s). Then, K(r/s) has a ϕ¯-invariant Seifert fibered
structure [MM02]. Let Cϕ¯ = Fix(ϕ¯), and let Lr/s = Cϕ¯/ϕ¯.
If r is odd, then Lr/s is a knot. If r is even, then Lr/s is a link. Let
Kϕ = K/ϕ. Kϕ is called the factor knot of K (with respect to ϕ), and let
Cϕ = Fix(ϕ). In the case where r is odd, we can view Lr/s as the image of
Cϕ/ϕ after r/2s surgery on Kϕ, so Lr/s is a knot in Kϕ(r/2s). If r is even, then
Lr/s is the image of Cϕ/ϕ in Kϕ(r/2s) together with the core of the surgery
torus, so Lr/s is a link in Kϕ(r/2s).
Let pi : K(r/s) → S2 be a Seifert fibering of K(r/s), and let ϕˆ be the
induced involution of S2, with fixed point set Cϕˆ. In [MM02], it is shown that
if K is not a torus knot or a cable of a torus knot, then no component of Cϕ¯ is
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CϕˆCϕˆ
Figure 2.2.5: Possible configurations of cone points in the base sphere of a
small Seifert fibered space
a fiber in K(r/s) and Cϕˆ is the equatorial circle in S
2. This implies that ϕˆ is
reflection across the equator. Since ϕ¯ is fiber preserving, ϕˆ must pair up cone
points in the northern hemisphere with cone points in the southern hemisphere.
Let k denote the number of cone points in the northern hemisphere. For our
purposes, k = 0 or k = 1. From [MM02], we have the following:
Lemma 2.2.8. 1. If k = 0, then Kϕ(r/2s) = K(r/s)/ϕ¯ ∼= S3.
2. If k = 1, then Kϕ(r/2s) = K(r/s)/ϕ¯ is a lens space..
Note that S3 and S2 × S1 are not lens spaces. These facts can be
helpful in obstructing Seifert fibered surgeries, based on the knot type of Kϕ.
Throughout, U will represent the unknot.
Corollary 2.2.9. Let K ⊂ S3 be a period 2 hyperbolic knot with factor knot
Kϕ. Suppose K(r/s) is a small Seifert fibered space.
1. If Kϕ = Tp,q and r is even, then ∆(pq, r/2s) = 1, so |r − 2spq| = 2.
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2. If Kϕ = Tp,q and r is odd, then ∆(pq, r/2s) = 1, so |r − 2spq| = 1.
3. If Kϕ = U and k = 0, then |r| ≤ 2.
4. If Kϕ = U and k = 1, then |r| ≥ 3.
Proof. If K(r/s) is a small Seifert fibered space, then Kϕ(r/2s) is a lens space
if k = 1 and S3 if k = 0. Such surgeries on U and Tp,q are well understood
(see [Gor09b]).
2.2.6 Some exceptional Dehn surgery results
There are many important results in the study of exceptional Dehn
surgery that give limitations on which slopes can be exceptional for a hyper-
bolic knot K. Below, we present some of the results that will be used in this
paper. First, we state an important result of Lackenby and Meyerhoff [LM08]
that tells us that exceptional fillings are always “close” to each other.
Theorem 2.2.10. Suppose M is a hyperbolic manifold with torus boundary
component T ⊂ ∂M and that α and β are exceptional filling slopes on T .
Then ∆(α, β) ≤ 8.
The distance bound of 8 above can be improved if one specifies the
type of space for each of M(α) and M(β). Let S and T represent the sets
of reducible and toroidal manifolds, respectively. Let L represent the set of
lens spaces. Let ∆(C1, C2) represent the largest possible value of ∆(α, β) such
that there exists a hyperbolic manifold M with M(α) a manifold of type C1
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and M(β) a manifold of type C2 (we will always consider manifolds with one
boundary component, though the theory is more general). The following table
presents the known values of ∆(C1, C2).
S T S3 L
S 1 3 ? 1
T 8 2 ?
S3 0 1
L 1
Notice that in the case of (S, S3), this is equivalent to the cabling
conjecture, and in the case of (T, L), the bound is known to be either 3 or
4 [Lee11]. For a more thorough discussion of these bounds, the manifolds
achieving them, and precise references, see [Gor09b] and [Gor99].
Suspiciously absent from the above table are bounds on the distance
between a (non-lens space) small Seifert fibered surgery and the other types
of exceptional surgeries. These seem to be the most difficult cases to analyze,
and, in particular, it is not known whether or not the distance 8 bound of
Lackenby and Meyerhoff can be improved in most of the cases (though, see
Theorems 2.2.11 and 2.2.12 below).
The following is a consequence of Corollary 7.6, Proposition 14.1, and
Proposition 16.1 in [BGZ12].
Theorem 2.2.11. For any hyperbolic manifold M , if M(α) = A ∪T 2 B is
toroidal with one of A or B non-Seifert fibered, then for any slope β such that
M(β) is a Seifert fibered space, ∆(α, β) ≤ 6.
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Since many of the pretzel knots studied below are genus one, it will
be helpful for us to have the following result, which gives particularly strong
bounds on small Seifert fibered surgery slopes [BGZ11] of such knots.
Theorem 2.2.12. Let K be a hyperbolic knot of genus one such that K(0)
is a non-Seifert fibered toroidal manifold. If K(α) is a small Seifert fibered
space for some α ∈ Q, then ∆(α, 0) ≤ 3.
2.2.7 Montesinos links, torus links, and invariants from knot theory
In this section we give a very brief overview of some knot and link
invariants and how they will be used to obstruct the quotient links encountered
in this paper from being Seifert links or Montesinos links. We will present a
series of criteria that will applied in each of the following sections.
A link is called k-almost alternating if it has a k-almost alternating
diagram, but no (k−1)-almost alternating diagram, i.e., if it has a diagram D
such that changing k crossings of D gives a new diagram that is alternating,
but no such diagram where the same result is achieved after k − 1 crossing
changes.
Recall that the Khovanov homology, Kh(L), is a bi-graded abelian
group associated to L, and that the width of Kh(L) is the number of diagonals
that support a nontrivial element in Kh(L). Denote this width by |Kh(L)|.
Then we have the following theorem. (See, for example, [AP04].)
Theorem 2.2.13. Let L be a non-split k-almost alternating link. Then
|Kh(L)| ≤ k + 2.
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It has been shown by Abe and Kishimoto [AK10] that any Montesinos
link is either alternating or 1-almost-alternating, so we have our first obstruc-
tion criterion.
Criterion 2.2.14. If |Kh(L)| ≥ 4, then L is not a length three Montesinos
link.
When we encounter links L that do not satisfy this criterion, then we
will use the following program to show they are not a Montesinos link. We will
generate a list of all Montesinos links whose crossing numbers are compatible
with that of L (i.e., less than the number of crossings in a diagram of L). (Note
that the crossing number of a Montesinos link is well understood [LT88].) We
will then check this list for elements that, if L is a knot, have the same deter-
minant, Alexander polynomial, Jones polynomial, Khovanov homology, and,
if need be, Kauffman polynomial or HOMFLYPT polynomial, and that, if L is
a 2-component link, have the same determinant, Jones polynomial, Khovanov
homology, and if need be, Kauffman polynomial or HOMFLYPT polynomial.
We will refer to this method as Method 1. This very large number of com-
putations was performed using the KnotTheory‘ package for Mathematica R©
[Wol99].
Examples of the Mathematica files used to implement Method 1 and to
calculate knot invariants throughout this paper are available on the author’s
webpage, and further information will be provided upon request.
Next, we observe that if K is a length three Montesinos link, then it is
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the union of 2-bridge knots and unknots. If K is the union of two unknots, then
it has the form K[p1/q1, p2/q2, p3/q3], where each pi is even. If one component
of K is the 2-bridge knot K[p/q], then K has the form K[p1/q1, p2/q2, x/q] with
q1 and q2 even and with x = p or p¯, where pp¯ ≡ 1 (mod q). If we consider the
unknot a 2-bridge knot, then we have the following criterion.
Criterion 2.2.15. If K is a 2-component link such that one component is not
a 2-bridge knot, then K is not a Montesinos link.
Using Method 1 and Criteria 2.2.14 and 2.2.15, any knot or link we
encounter that we claim is not a Montesinos knot or link is shown to not be a
Montesinos knot or link.
Now we recall some facts about torus knots (see, for example, [Cro04]).
Let T (p, q) be the (p, q)-torus link for p > q ≥ 2, where T (p, q) is a knot if
and only if p and q are coprime. Then, T (p, q) is a positive link, i.e., has
a diagram with all positive crossings. Furthermore, in the case of a torus
knot, 2g(T (p, q)) = (p− 1)(q − 1), where g(K) denotes the genus of the knot
K, and det(T (p, q)) = p if q is even, and 1 if both p and q are odd, where
det(L) denotes the determinant of the link L. Let s(K) denote the Rasmussen
invariant of K, as defined in [Ras10], where the following was shown.
Proposition 2.2.16. If K is a positive knot, then s(K) = 2g(K).
Recall that 2g(K) is bounded below by the breadth of the Alexander
polynomial, which we denote br(∆K(t)). This gives us the following criterion.
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Criterion 2.2.17. If s(K) < br(∆K(t)) or 2g(K) 6= s(K), then K is not a
torus knot.
We also have, by our discussion above:
Criterion 2.2.18. If det(K) > s(K) + 1, then K is not a torus knot.
If we consider the unknot a torus knot, then each component of a two
component Seifert link is a torus knot, so we have the following criterion.
Criterion 2.2.19. If L is a two-component link such that a component is not
a torus knot, then K is not a Seifert link.
In what follows, Criteria 2.2.17, 2.2.18, and 2.2.19 often suffice to prove
that a link is not a Seifert link. In the few cases where they fail, further
argument is given to accomplish the feat.
2.3 The case of (2, |q2|, |q3|)
Let Kp,q be the hyperbolic pretzel knot P (−2, 2p+1, 2q+1) (see Figure
2.3.1). Since Ichihara and Jong have shown that Kp,p admits no small Seifert
fibered surgery [IJK11], and by interchanging p and q if necessary, we may
assume that |q| > |p| if p and q have the same sign and p > 0 otherwise. Let
αr = 4(p+ q + 1)− r, for r ∈ Q.
Note that αr is chosen this way so that αr-surgery on Kp,q will corre-






Figure 2.3.1: The pretzel knot P (−2, 2p+ 1, 2q + 1), the quotient tangle Tp,q,
and the pretzel knot P (−2, 5,−3), shown as the boundary of a punctured
Klein bottle
the process of obtaining Tp,q from Kp,q by applying the Montesinos trick and
isotoping.
Our first result is the following.
Theorem 2.1.1. The hyperbolic pretzel knot P (−2, 2p+ 1, 2q + 1), with the
conventions discussed above, admits a small Seifert fibered surgery if and only
if p = 1, in which case it admits precisely the following small Seifert fibered
surgeries:
• P (−2, 3, 2q + 1)(4q + 6) = S2(1/2,−1/4, 2/(2q − 5))
• P (−2, 3, 2q + 1)(4q + 7) = S2(2/3,−2/5, 1/(q − 2))
We remark that the existence of these exceptional surgeries was previ-
ously known [EM97].
The key fact in our method of analyzing these knots is that they are






Figure 2.3.2: The tangle T1,q, along with fillings T1,q(1) and T1,q(2) and the
respective Montesinos links that result after isotopy: K[2/3,−2/5, 1/(q − 2)]
and K[1/2,−1/4, 2/(2q − 5)]
tesinos trick (see Figure 2.3.1). We now have the advantage of viewing the
surgery space Kp,q(αr) as the branched double cover of S
3 along Tp,q(r). It is
easy to verify the two classes of exceptional surgeries in Theorem 2.1.1 by notic-
ing that T1,q(1) and T1,q(2) are the Montesinos links K[2/3,−2/5, 1/(q − 2)]
and K[1/2,−1/4, 2/(2q − 5)], respectively. [See Figure 2.3.2.]
The proof that the Kp,q admits no other small Seifert fibered surgeries
is accomplished by the following two lemmas and the techniques of Subsection
2.2.7.
Lemma 2.3.1. If Kp,q(αr) is a small Seifert fibered space for p 6= 1, then
|p| ≤ 8 and |q| ≤ 8.
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Lemma 2.3.2. If K1,q(αr) is a small Seifert fibered space for r 6∈ {1, 2}, then
|q| ≤ 8.
Before we prove these lemmas, we should remark on the possible surgery
slopes αr. We notice that each knot Kp,q bounds a punctured Klein bottle at
slope α0 (see Figure 2.3.1). It follows that Kp,q(α0) is toroidal. By Theo-
rem 2.2.10, it follows that if Kp,q(αr) is a small Seifert fibered space, then
∆(αr, α0) ≤ 8.
In many cases, it should be possible to reduce this distance bound to
5, but this is dependent on work in progress by Boyer, Gordon, and Zhang
[BGZ12]. However, using Theorem 2.2.11, we can fairly easily show the fol-
lowing lemma.
Lemma 2.3.3. If Kp,q(αr) is a small Seifert fibered space, and |p|, |q| ≥ 4,
then ∆(αr, α0) ≤ 6.
Of course, if r is integral, this means that |r| ≤ 6, and if we have
r/s ∈ Q, we have that |4(p+ q + 1)s− r| ≤ 6.
Proof of Lemma 2.3.3. We begin by noticing that Kp,q(α0) = D
2(2, 2)∪T 2Xp,q
(see Figure 2.3.3). Under the hypotheses of the lemma, we will show that Xp,q
is not a Seifert fibered space, so Theorem 2.2.11 gives us the desired bound.
If p = 1, then X1,q = D
2(3, |q − 1|), and Theorem 2.2.11 does not apply.
Consider the following fillings on Xp,q. (See Figure 2.3.4.)
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pp q+1q
Figure 2.3.3: The link Tp,q(0), whose branched double cover corresponds to
α0-surgery on Kp,q
Xp,q(0) = L(p+ q + 1, 1)
Xp,q(∞) = L(4pq − 2p− 2q − 3, 2pq − q − 2)
Xp,q(−1) = S2(1/3, 1/(p− 1), q/(q − 1))
If Xp,q is a Seifert fibered space, then it has, for its base surface, either
D2 or M2 (the Mo¨bius band). We will make use of Lemma 2.2.2. If Xp,q is
Seifert fibered over the disk with more than two exceptional fibers it cannot
have lens space fillings. If Xp,q has the form of D
2(a), then it cannot have
fillings with three exceptional fibers, so Xp,q(−1) must be a lens space. This
implies that p = 2 or q = 2. If Xp,q has base surface M
2, then it can only
have lens space fillings or fillings with at least three exceptional fibers, two
of which have multiplicity two. Thus, we must have p, q = 2, 3. So, assume
Xp,q = D
2(a, b).
In this case, Xp,q has one reducible filling at slope γ and the property
that any lens space filling must be at distance one from γ. By considering the
three fillings given above, it follows that γ = 0,∞, or ±1. If γ = −1, then
Xp,q(−1) must be reducible, so p = 1 or q = 1, both of which are not allowed
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Figure 2.3.4: The three fillings, 0, ∞, and 1, on Tp,q used to show that Xp,q is
not Seifert fibered.
values. If γ = 0 or if γ = ∞, then Xp,q(−1) must be a lens space, so p = 2
or q = 2. Finally, if γ = 1, then the filling Xp,q(−1) is at distance two from
the reducible filling, so it must have an exceptional fiber of multiplicity 2. It
follows that p = 3 or q = 3.
We remark that the lemma could be strengthened to say that Xp,q is
non-Seifert fibered if and only if p 6= 1 by showing that Xp,q(1) is neither
reducible, a lens space, or a small Seifert fibered space with finite fundamental
group, as would need to be the case given the different Seifert fibered structures










Figure 2.3.5: The tangle Sp,r, along with two fillings, Sp,r(0) and Sp,r(∞), and
their equivalents after isotopy.
Proof of Lemma 2.3.1. Suppose that p 6= 1 and remove a ball around the q-
twists of Tp,q(r) to form the tangle Sp,r (see Figure 2.3.5). Let Np,r denote the
branched double cover of Sp,r. First, we will show that Np,r is hyperbolic.
We begin by showing some interesting fillings of Np,r (see Figure 2.3.5).
Np,r(−1/q) = Kp,q(αr)
Np,r(0) = D
2(1/2,−1/2) ∪T 2 D2(−1/2, p/(2p− 1))
Np,r(∞) = T (2, 2p+ 3)(αr) = S2(−1/2,−1/(r + 2),−2/(2p+ 3))
Np,r(−1) = K[−2p/(6p+ 1)](αr)
We remark that Np,r(∞) and Np,r(−1) correspond to (αr)-surgery on
Kp,0 and Kp,−1, respectively. The latter is a 2-bridge knot with no excep-
tional fillings (if p 6= 1), according to the classification by Brittenham and Wu
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([BW01]). Thus, Np,r(−1) is hyperbolic if p 6= 1.
Now, suppose that Np,r is not hyperbolic, so it must be reducible, ∂-
reducible, Seifert fibered, or toroidal by geometrization. However, Np,r cannot
be reducible, since it has two distinct irreducible fillings at slopes 0 and−1 (this
follows from the solution to the knot complement problem [GL89]). Similarly,
it cannot be Seifert fibered, since it has a hyperbolic filling at slope −1. It
follows that Np,r cannot be ∂-reducible, since the only irreducible, ∂-reducible
manifold with torus boundary is Seifert fibered, namely, the solid torus.
Finally, suppose that Np,r is toroidal. If any essential torus were non-
separating, then all fillings of Np,r would contain an essential non-separating
torus, which is false here. Suppose any essential torus is separating, and
decompose Np,r along an outermost such torus, F , so that Np,r = A∪F B with
A atoroidal and ∂Np,r ⊂ B. If we assume, for a contradiction, that Np,r(−1/q)
is small Seifert fibered for some q with |q| > 8, then we have that F compresses
in B(−1), B(∞), and B(−1/q). It follows, from Lemma 2.2.1 that B is a cable
space with cabling slope γ = 0. But Np,r(0) is neither reducible nor a lens
space, so we reach a contradiction. It follows that Np,r is not toroidal, and
must be hyperbolic.
Since Np,r is hyperbolic, and Np,r(∞) is exceptional, it follows that for
any exceptional filling Np,r(−1/q), ∆(∞,−1/q) ≤ 8, by Theorem 2.2.10. It
follows that |q| ≤ 8, as desired. A similar argument shows that |p| ≤ 8, as
well.
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Proof of Lemma 2.3.2. We will proceed as in the lemma above by analyzing
the tangle Sr = S1,r formed by removing a ball containing the q-twist region
of knot T1,q(r). We will show that the branched double cover Nr of Sr is
hyperbolic.
Consider the following fillings on Nr (see Figure 2.3.6). Assume for a





Nr(∞) = S2(1/2,−2/5,−1/(r + 2))
Nr(−1) = S2(1/3,−1/4,−1/r)
Nr(−1/2) = S2(−1/3, 2/5,−1/(r − 1))
Nr(1) = K[−2/7](αr)
It is clear from this that Nr is irreducible (again, by [GL89]), since it
has distinct irreducible fillings, for any value of r. Suppose that Nr is Seifert
fibered. Since, for all values of r, Nr has fillings that are Seifert fibered with
base surface S2, but do not contain a pair of exceptional fibers of multiplicity
2, the base surface of Nr is orientable, i.e., D
2. A Seifert fibered space with
connected boundary with a small Seifert fibered filling must have 2 or 3 ex-
ceptional fibers. Furthermore, since no slope is distance one from 0, ∞, and
−1, Nr has 2 exceptional fibers, i.e., Nr = D2(a, b).
By the classification of exceptional surgeries on 2-bridge knots [BW01],
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Figure 2.3.6: Four fillings, 0,∞, 1, and 1/2, of the tangle Sr that help to prove
that Nr is hyperbolic if r 6= 0, 1, 2.
q = −1, so αr = 4− r and this is the equivalent to r ∈ {4, 3, 2, 1, 0}. However,
we already know that if r = 0, 1, 2, then Nr(−1/q) is exceptional, so we only
need to consider r = 3, 4.
If r = 3, then, by considering N3(∞), we see that a = 5, and by
considering N3(−1), we see that a cannot be 5. If r = 4, then by consider-
ing N4(−1/2), we see that a = 3, and by considering N4(∞), we see this is
impossible. It follows that Nr cannot be Seifert fibered if r 6∈ {0, 1, 2}.
It follows that Nr is non-Seifert fibered and, thereby, ∂-irreducible. If
Nr were toroidal, since it has atoroidal fillings at distance two, it must be a
cable space, by Lemma 2.2.1. However, the only cabling slope γ that satisfies
∆(γ,−1/2) = 1 and ∆(γ,∞) = 1 is γ = 0, in which case we must have Nr(0)
be reducible or a lens space. So, we must have r = 3 and N3(0) is a lens space.
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Suppose N3 = A ∪T 2 B with A atoroidal and ∂N3 ⊂ B.
Then, because B(α) = S1×D2 for α ∈ {−1/q,∞,−1,−1/2, 1} each of
these fillings induces a filling ηα on A. Since B(0) = (S
1 × D2)#L for some
lens space L, and since N3(0) is a lens space, it follows that A(η0) = S
3, so
A is a knot complement. By construction, A is atoroidal. If A were Seifert
fibered, then, by considering A(η∞) = N3(∞) and A(η−1) = N3(−1) just as
before, we reach a contradiction.
It follows that Nr must be hyperbolic (for r 6∈ {0, 1, 2}). An application
of Theorem 2.2.10 gives us that ∆(−1/q,∞) ≤ 8 if Nr(−1/q) is a small Seifert
fibered space, which proves the lemma.
2.3.1 Completing the proof of Theorem 2.1.1
The work above leaves us with a finite list of knots and links Lp,q,r =
Tp,q(r) whose branched double covers might be Seifert fibered. We must con-
sider non-integral r if and only if p and q are both positive. In the event of a
non-integral slope r/s, we may assume |s| ≤ 8 by Theorem 2.2.10, since 1/0 is
an exceptional filling. By Proposition 2.2.6, we must show that each of these
links is not a Montesinos link or a Seifert link.
Method 1 (see Subsection 2.2.7) can be used to show that none of
the Lp,q,r are Montesinos knots or links, though it should be noted that the
Kauffman polynomial must be employed in a handful of cases, including distin-
guishing L1,4,−1 from K[1/3, 2/5,−2/5] and some non-integral cases, and that
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the HOMFLYPT polynomial must be employed to distinguish L1,6,−2 from
K[−1/4, 1/6, 2/7]. In other words, these pairs are not distinguished by their
Alexander polynomial and Khovanov homology alone.
Now, consider when Lp,q,r is a link. Then it is the union of the unknot
and the 2-bridge knot K[n/m], where n = 2pq−p−2 and m = 4pq−2p−2q−3.
K[n/m] is a torus knot only if p = 1 and q = 3 or 4. In the latter case, L1,4,r
is the union of a trefoil and an unknot. If this link is to be a Seifert link,
the unknotted component must lie as the core of the torus upon which the
trefoil sits. However, the link just described can be distinguished from L1,4,r
for all values of r using the Jones polynomial. Concerning L1,3,r, exceptional
surgeries on the knot P (−2, 3, 7) are previously well-understood [EM97].
It only remains to show that Lp,q,r is never a torus knot. If p 6= 1,
this is accomplished by applying Criterion 2.2.17. For p = 1, Criterion 2.2.18
suffices.
2.4 The case of (3, 3, |q3|)
We now turn our attention to pretzel knots P (q1, q2, q3) such that |q1| =
|q2| = 3. The case of P (3, 3, q3), where q3 > 0 was handled by Ichihara and
Jong in [IJ11]. We break up the remaining cases as follows.
1. P (3,±3,−2m) with m ≥ 1
2. P (3, 3, 2m+ 1) with m ≤ −2
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3. P (3,−3, 2m+ 1) with m ≤ −3 or 2 ≤ m
4. P (3, 3, 2m,−1) with 2 ≤ m
In Cases (2) and (3), it is only necessary to consider integral surgery
slopes by Theorem 2.1.5. Our main result is:
Theorem F. Hyperbolic pretzel knots of the form P (3, 3,m) or P (3, 3, 2m,−1)
admit no small Seifert fibered surgeries. Pretzel knots of the form P (3,−3,m),
with m > 1, admit small Seifert fibered surgeries precisely in the following
cases:
• P (3,−3, 2)(1) = S2(1/3, 1/4,−3/5)
• P (3,−3, 3)(1) = S2(1/2,−1/5,−2/7)
• P (3,−3, 4)(1) = S2(−1/2, 1/5, 2/7)
• P (3,−3, 5)(1) = S2(2/3,−1/4,−2/5)
• P (3,−3, 6)(1) = S2(1/2,−2/3, 2/13)
2.4.1 Case (1)
Let K±m = P (3,±3,−2m). To avoid the redundancy of mirrors, we can
restrict to m > 0. Recall that these knots can only admit non-integral small
Seifert fibered surgeries in the case of K+m. Our first result is half of Theorem
F (up to mirroring).
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(a) (b)
Figure 2.4.1: (a) The knot K−m = P (3,−3,−2m) (shown here with m = 3)
bound punctured Klein bottles. (b) The tangle T+3 .
Proposition 2.4.1. Let K±m = P (3,±3,−2m) with m > 0 be hyperbolic.
Then, K±m admits no small Seifert fibered surgeries, except in the following
three instances.
• P (3,−3,−2)(−1) = S2(2/3,−1/4,−2/5)
• P (3,−3,−4)(−1) = S2(1/2,−1/5,−2/7)
• P (3,−3,−6)(−1) = S2(1/2,−1/3,−2/13)
As in Section 2.3, we will proceed in this case by first limiting the
possible surgery slopes, then limiting the size of m, then using techniques
from Subsection 2.2.7 to check that small values of m and slopes satisfying
the relevant bound do not produce small Seifert fibered spaces (except for
the three noted cases). Let K±m = P (3,±3,−2m) with m > 0. We begin by
observing that K±m bounds a punctured Klein bottle. Let α
+
r = 12 − r and




Figure 2.4.2: The tangle S−r and the link L
−
m,r
the corresponding tangle). Then this Klein bottle has boundary slope α±0 (see
Figure 2.4.1(a)). Since surgery along this slope produces a toroidal manifold
(as in the previous section), any exceptional surgery slope for K±m must be




0 ) ≤ 8.
Next, we remark that K±m is strongly invertible. Let T
±
m be the resulting
quotient tangle, and let L±m,r = T
±
m(r).
Lemma 2.4.2. Suppose K±m(αr) is a small Seifert fibered space. Then, m ≤ 8.
Proof. Let L±m,r = T
±
m(r) and form the tangle S
±
r by removing a 3-ball con-




r . Of course,
S±r (−1/m) = L±m,r, and K±m(αr) = M±r (1/m). Assume, for a contradiction,
that M±r (1/m) is a small Seifert fibered space for some m ≥ 9.
Consider the following fillings of M±r , which we can easily visualize and






Figure 2.4.3: Two interesting fillings of S−r
2.4.3).
M±r (1/m) = small Seifert fibered space (by assumption)
M−r (0) = (S
1 × S2)#L(r, 1)
M±r (∞) = D2(2, 3) ∪T 2 D2(2, 3)
As was argued in Section 2.3, M±r is irreducible (it has distinct irre-
ducible fillings), non-Seifert fibered (it has a non-Seifert fibered, non-reducible
filling), and ∂-irreducible (it is irreducible and not S1×D2). Assume that M−r
is toroidal, so M−r = A ∪F B with A atoroidal and ∂M−r ⊂ B.
Suppose that F compresses in M−r (∞). Then, since ∆(1/m,∞) =
|m| ≥ 2, B is a cable space with cabling slope γ satisfying ∆(γ,∞) =
∆(γ, 1/m) = 1. It follows that γ = a ∈ Z, and |ma− 1| = 1. Since |m| ≥ 9, a
must be zero, so γ = 0. It follows that B(0) = (S1×D2)#L, where L is a lens
space, and B(∞) = B(1/m) = S1×D2. Let η0, η∞, and η1/m, be the slopes of
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the induced slopes of the meridian of B after the above fillings are performed,
so M−r (α) = A(ηα) for α = ∞ or 1/m, and M−r (0) = A(η0)#L. Since L has
finite fundamental group, L = L(r, 1) and A(η0) = S
1 × S2.
Now, since ∆(η∞, η0) ≥ 4 (by Lemma 2.2.1), A cannot be hyperbolic,
because ∆(S2, T 2) = 3. Since A was assumed to be atoroidal, it follows that
A must be Seifert fibered. But A(η∞) is irreducible and not Seifert fibered, so
this cannot be. This contradiction means that F cannot compress in M−r (∞).
So, assume F remains incompressible in M−r (∞). If |r| = 1, then
M−1 (0) = S
1 × S2. But since F is the unique incompressible torus in a non-
Seifert fibered graph manifold, A = D2(2, 3). In particular, M−1 (0) = A(η0) =
S1 × S2 is not a possible filling of a trefoil complement.
If |r| > 1, then since F compresses in fillings at slopes 1/m and 0,
which are at distance one, by Lemma 2.2.1, B is either a cable space or the
exterior of a braid in a solid torus. Since M−r (0) = (S
1 × S2)#L(r, 1), either
B(0) or A(η0) is S
1 × S2. However, this is not possible for such spaces B, nor
is it possible for A = D2(2, 3).
Thus, M−r is not toroidal, and must be hyperbolic. So, by Theorem
2.2.11, ∆(1/m,∞) = |m| ≤ 8, a contradiction that yields the desired result.
The reasoning is very similar to show that M+r must be hyperbolic as well,
noting that M+r (0) = D
2(2, 2) ∪T 2 D2(2, r) is toroidal for all r, and M+r (1) =
S2(1/3,−1/4,−1/r).
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2.4.2 Completing the proof of Proposition 2.4.1
By our work above, we can conclude that if P (3,±3,−2m)(α±r ) with
m > 0 admits a small Seifert fibered surgery, then |r|, |m| ≤ 8. Let L±m,r =
T±m(r). We assume that r is integral for L
−
m,r.
First, consider the links L±m,r, which are the union of an unknotted
component with a component J±m = K[2/3,±2/3,−1/2m] (to see this, consider
L±m,0, or compare with Figure 2.4.15). Because J
±
m is not a torus knot or a
2-bridge knot for any m, by Criteria 2.2.15 and 2.2.19, we can conclude that
L±m,r is never a 2-component Seifert link or Montesinos link.
When L±m,r is a knot, we see that 2g(L
±
m,r) 6= s(L±m,r), so, by Criterion
2.2.17, L±m,r is never a torus knot. To see that L
±
m,r is never a Montesinos knot,
we implement Method 1 (see Subsection 2.2.7), accounting for r non-integral
when necessary.
2.4.3 Case (2)
Next, we will consider hyperbolic pretzel knots of the form Km =
P (3, 3, 2m + 1). Here, Km is hyperbolic if m 6= −1 or 0, and if m is positive,
then Ichihara-Jong have shown that Km admits no Seifert fibered surgeries
[IJ11]. The case when m = −2 will be covered in Subsection 2.4.5, so assume
m ≤ −3. In this section, we prove the following.
Proposition 2.4.3. A pretzel knot of the form P (3, 3, 2m+ 1) with m ≤ −3
admits no small Seifert fibered surgeries.
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Figure 2.4.4: The left figure above shows the pretzel knot P (3, 3, 2m + 1) as
the boundary of a punctured torus, while the right one exhibits the strong
inversion of P (3, 3, 2m+ 1) given by rotation. Here, m = −3.
As before, we will first restrict the possible values of m for which Km
might admit a Seifert fibered surgery, then rule the remaining cases out by
computer. First we note that Km has genus one, so by Theorem 2.2.12, |r| ≤ 3
(see Figure 2.4.4). Since the three pretzel parameters are all odd, Km cannot
admit non-integral Seifert fibered surgeries by Theorem 2.1.5. Let αr = −r,
so that Km(αr) = Km(−r) will correspond with Tm(r) (the rationally-filled
quotient tangle), as before.
Lemma 2.4.4. If m ≤ −10, then Km(r) is not a small Seifert fibered space.
Proof. In a slight variation of the preceding cases, these knots possess a strong
inversion that is a half-rotation of the plane. Let Tm(r) be the resulting quo-
tient link, as before (see Figure 2.4.5). Again, we form the tangle Sr by re-
moving a ball containing the (m + 1)-twist region (see Figure 2.4.6). If we
denote by Nr the branched double cover of S
3 along Sr, and assume for a con-
tradiction that Km(r) is a small Seifert fibered space for some m ≤ −10 and
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r+6
Figure 2.4.5: The figures above illustrate how to obtain the quotient tangle
Tm by applying the Montesinos trick to the strong inversion of P (3, 3, 2m+ 1)
given by rotating the knot pi radians through its center. Here, m = −3.
some r, then we have the following fillings of Nr (see Figure 2.4.6). Note that
Nr(∞) = P (3, 3,−1)(r), so it is simply r-surgery on the left-handed trefoil.
Nr(−1/(m+ 1)) = small Seifert fibered space (by assumption)
Nr(0) = non-Seifert fibered toroidal space
Nr(∞) = S2(−1/2, 1/3,−1/(r + 6))
Since Nr has distinct irreducible fillings and a non-Seifert fibered irre-
ducible filling, Nr is irreducible, non-Seifert fibered, and ∂-irreducible. If Nr
is toroidal, then since it has atoroidal fillings at distance ∆(−1/(m+ 1),∞) =
|m+ 1| > 2, it has as a subspace a cable space with cabling slope γ = 0. This
means that Nr(0) is either reducible or a lens space, which is a contradiction.
It follows that Nr is hyperbolic and that ∆(−1/(m+ 1),∞) = |m+ 1| ≤ 8, a









Figure 2.4.6: The first figures above, from left to right, are: (a) the link
Tm(−αr), (b) the tangle Sr, (c) the filling Sr(∞), which is isotopic to
K[−1/2, 1/3,−1/(6 + r)], and (d) the fillings Sr(0), whose link complement
contains an essential torus.
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2.4.4 Completing the proof of Proposition 2.4.3
Let Lm,r = Tm(r) denote the quotient link described above, and note
that it is only necessary to consider r ∈ Z here. If Lm,r is a link, then we see
that it is the union of a trefoil with the knot Jm = K[1/2, 1/3, (m−1)/(2m−3)].
Since m ≤ −3, by assumption, Jm is never a torus knot or a 2-bridge knot. It
follows that Lm,r is never a Seifert link or a Montesinos link, by Criteria 2.2.19
and 2.2.15, respectively.
When Lm,r is a knot, we see that |Kh(Lm,r)| = 6 and s(Lm,r) <
br(∆Km,r(t)), so Lm,r cannot be a Montesinos knot or a torus knot by Cri-
teria 2.2.14 and 2.2.17, respectively.
2.4.5 Case (3)
We now consider hyperbolic pretzel knots Km = P (3,−3, 2m+ 1). We
will allow m to be positive or negative, which will allow us to restrict our
analysis to positive surgery slopes (which must be integral if they are to be
exceptional by Theorem 2.1.5). These are genus one knots, so Km(r) can only
be exceptional if |r| ≤ 3 by Theorem 2.2.12. Thus, we assume r = 1, 2, or 3.
These knots are the first that we have encountered with no strong
inversion (excepting P (3, 3,−3)), so we cannot make use of the Montesinos
trick. However, Km does have cyclic period 2, so we will study the space Km(r)
by studying the link (Lm)f , which is the image of Fix(f)/〈f〉 in (Km)f (r/2)
(recall this set-up from Section 2.2.5). See Figure 2.4.7.
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Figure 2.4.7: (a) The knot P (3,−3, 2m + 1) (here, m = −3), shown as the
boundary of a punctured torus, (b) along with the axis of the cycle f of period
2 of the knot, and (c) the quotient knot Kf (here, the unknot), along with the
image of Fix(f) in the quotient.
Proposition 2.4.5. A hyperbolic pretzel knot of the form P (3,−3, 2m + 1)
admits a small Seifert fibered surgery precisely in the following instances.
• P (3,−3, 3)(1) = S2(1/2,−1/5,−2/7)
• P (3,−3, 5)(1) = S2(−1/3,−1/4, 3/5)
Note that the first exceptional surgery was discovered by Song, and the
second by Mattman, Miyazaki, and Motegi, see [MMM06]. Again, our first
task is to restrict the possible values of m for which Km might admit a Seifert
fibered surgery, then rule out the remaining cases using knot invariants. We
will handle the three cases r = 1, 2, and 3 separately below.
Lemma 2.4.6. The space P (3,−3, 2m + 1)(1) is not a small Seifert fibered
space for |m| ≥ 9.
Proof. Assume that P (3,−3, 2m + 1)(1) is a small Seifert fibered space with
|m| ≥ 9. As we have seen Km(1) is the branched double cover of S3 along the
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(c)(b)(a)
Figure 2.4.8: (a) The link (Km)f ∪ Fix(f) in the quotient, (b) the knot (Lm)f
resulting from (1/2)-surgery on the unknotted component, and (c) the tangle
S formed by removing the m-twist area of the knot. Here, m = −3.
knot (Lm)f . We form the tangle S by removing the m-twist box of (Lm)f (see
Figure 2.4.8). Let Z = S˜. Then, we have the following fillings:
Z(−1/m) = small Seifert fibered (by assumption)
Z(0) = S2 × S1
Z(−1/3) = D2(2, 3) ∪T 2 D2(2, 3)
Z(−1/2) = S2(3, 5, 7)
Z(−1) = S2(2, 5, 7)
Z(∞) = S2(2, 3, 11)
It is worth noting that the last four fillings on the list correspond to
exceptional fillings of hyperbolic pretzel knots. P (3,−3, 7)(1) = Z(−1/3),
P (3,−3, 5)(1) = Z(−1/2), P (3,−3, 3)(1) = Z(−1), and P (3,−3, 1)(1) =
Z(∞). The lattermost is surgery on the rational knot K[−2/9]. See Figure
2.4.9.
Because Z has distinct irreducible fillings as well as an irreducible non-
Seifert fibered filling (Z(−1/3) is a non-Seifert fibered graph manifold), it is
impossible for Z to be Seifert fibered, reducible, or ∂-reducible. Assume that
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Figure 2.4.9: Above, we see five interesting fillings of S:
S(1), S(1/2), S(1/3), S(0), and S(∞).
Z is toroidal, so Z = A ∪F B with A atoroidal and ∂Z ⊂ B. Then, since F
compresses in Z(−1/2), Z(−1), and Z(∞), and ∆(1/2,∞) ≥ 2, B must be a
cable space. The cabling slope γ is restricted to be distance one from ∞ and
−1/2, so γ = 0 or −1. Since Z(−1) is neither a lens space nor reducible, we
cannot have γ = −1. If γ = 0, then B(0) = (S1 × D2)#(S1 × S2), which is
not a possible result of filling on a cable space.
It follows that Z is hyperbolic, so ∆(−1/m),∞) ≤ 8, so |m| ≤ 8, which
gives the desired contradiction.
Proposition 2.4.7. P (3,−3, 2m+ 1)(2) is never a small Seifert fibered space
for m 6= 0,−1.




Figure 2.4.10: (a) The link (Km)f ∪Fix(f) in the quotient, (b) the link (Lm)f
resulting from 1-surgery on the unknotted component (note that the core of
the surgery torus is a component of the resulting link), and (c) the tangle
formed by removing the m-twist area of the knotted component Jm of the
resulting link. Here, m = −3.
quotient knot (Km)f . This gives a two-component link in S
3, (Lm)f , such that
the double cover of S3 branched along (Lm)f is the surgery space P (3,−3, 2m+
1)(2). Thus, to show this surgery space is not a small Seifert fibered space, it
suffices to show that (Lm)f is neither a Montesinos link of length three with
two components nor a Seifert link with two components.
First, we note that (Lm)f is the union of the unknot with the knot
Jm = K[1/3,−1/3, 1/(m − 1)] (see the right half of Figure 2.4.10). Since Jm
is never torus knot, by Criterion 2.2.19, (Lm)f is never a Seifert link. If m = 0
or m = 2, then J0 = K[−2/9] and J2 = K[2/9], respectively; otherwise, Jm is
not a 2-bridge knot, so (Lm)f is not a Montesinos link, by Criterion 2.2.19.
If m = 0, then we are considering 2-surgery on P (3,−3, 1), which is
K[2/9](2). By the classification of Brittenham and Wu [BW01], this space is
Seifert fibered. If m = 2, then we are considering the space P (3,−3, 5)(2), and
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if (Lm)f is a Montesinos link, then it has the form K[x, y, z], where z = 2/9
or 4/9 and x and y have even denominator.
Now, since (L2)f has a diagram with 12 crossings, and since the z–
tangle would contribute 6 crossings, if (L2)f were to be a two component length
three Montesinos link, then the x– and y–tangles must contribute at most 6
crossings. Without loss of generality, we can assume x = ±1/2 and y = ±1/2
or ±1/3 or ±3/4. However, an easy check shows that the determinant of such
Montesinos links cannot be 2.
Finally, we consider the case of 3-surgery on hyperbolic pretzel knots
Km of the type P (3,−3, 2m + 1). These knots have period 2, so we can
analyze the surgery space Km(3) as the double branched cover of (Km)f (3/2),
where (Km)f is the factor knot Km/f for the self diffeomorphism f : S
3 →
S3 of order two that preserves Km. In this case, (Km)f is the unknot, so
(Km)f = −L(3, 2). Let Lm denote the image of Fix(f)/f in the surgery space
(Km)f (3/2), i.e., Lm is the branching set for the double covering. (Note that
in our convention p-surgery on the unknot is the lens space −L(p, 1).)
Proposition 2.4.8. P (3,−3, 2m+ 1)(3) is never a small Seifert fibered space
for m 6= 0,−1.
Proof. By the analysis of [MM02], the link Lm is actually a 2-bridge link,
contained in the solid torus that, together with the surgery solid torus, com-




Figure 2.4.11: Above, on the left we have the link (Km)f ∪ Fix(f)/f in the
quotient, and, on the right, we have the result of (3/2)-surgery on the unknot-
ted component: the link Lm contained in a solid torus (simply view the knot
as lying in the solid torus that comprises the exterior of unknot).
Figure 2.4.11). Thus, if we pass to a 3-fold cover, the lift, L˜m, of Lm will be a
length three Montesinos link, contained in one half of the standard genus one
Heegaard splitting of S3. We now describe how to see this.
The two solid tori that comprise the splitting of −L(3, 2) are attached
via a map which sends the meridian of one to a (−3/2)–curve on the boundary
of the other. Passing to the 3-fold cover changes the image of the attaching map
to a (−1/2)–curve, which gives S3. This lift simply triplicates the knotted part
of Lm. However, if we want to think about this lift as a knot in the standard 3–
sphere, we must apply a self-diffeomorphism of S3 to get the standard Heegaard
splitting of S3 (i.e., where the meridian of one torus is glued along a (1/0)–
curve). This final step introduces two full negative twists of the strands of Lm.
The result is a link L˜m in S
3. See Figure 2.4.12.
Since P (3,−3, 2m+1)(3) has quotient−L(3, 2), it has the form S2(3, 3, c),
where the exceptional fiber of multiplicity c corresponds to the branching lo-
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Figure 2.4.12: The link L˜m in S
3, which is the triple cover of Lm in −L(3, 2).
cus, (Lm)f . It follows that the lift L˜m should be a Montesinos link of type
K[c, c, c]. From this, it follows that c2 divides the determinant of L˜m. We can
calculate the determinant of this lift to be 49, independent of m, so it follows
that c = 7. Thus, P (3,−3, 2m+1)(3) is S2(3, 3, 7), and L˜m = K[a/7, b/7, b/7].
By considering the determinant (of the corresponding Montesinos knot),
we see that P (3,−3, 2m+ 1)(3) must have the form S2(−1/3,−1/3, 5/7) and
that L˜m = K[−2; 5/7, 5/7, 5/7] (being the triple cover of the two bridge
knot K[5/7] in S1 × D2, see [MM02]). Let V (q) be the Jones polynomial
of K[−2; 5/7, 5/7, 5/7]. A straightforward calculation gives an expression for
the Jones polynomial of L˜m:
VL˜m(q) =
{
q−3m−3(V (q)− 1) + 1 if m is odd
q−3m(21− V (q−1)) + 1 if m is even
It follows that L˜m is not K[−2; 5/7, 5/7, 5/7] unless m = −1. In this
case the knots are the same, which reflects the fact that P (3,−3,−1)(3) =
S2(3, 3, 7); however, this case is not of interest to us. For any other value of
m, we have shown that P (3,−3, 2m + 1)(3) cannot be a small Seifert fibered
space.
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2.4.6 Completing the proof of Proposition 2.4.5
It remains to show that the knots Lm = Tm(1) are neither Montesinos
knots, nor Seifert knots, for m ∈ [−8, 8]\{−1, 0, 1, 2} (notice, when m = 1, 2
we do get small Seifert fibered surgeries, and when m = −1, 0, we have
P (3,−3,±1), which are 2-bridge knots).
In fact, for these knots we have that s(Lm) 6= 2g(Lm), so they cannot
be torus knots by Criterion 2.2.17. Furthermore, we can apply Method 1 to
show that Lm is never a Montesinos knot.
2.4.7 Case (4)
Finally, consider the case when Km is a hyperbolic pretzel knot of the
form P (3, 3, 2m,−1) with m > 1. We note that such knots are often considered
to be non-pretzel Montesinos knots. If m = 1, then K1 = P (−2, 3, 3), and is
not hyperbolic. We see that Km has a cyclic of period 2 (see Figure 2.4.13)
with factor knot Kf = T2,3 as well as a strong inversion. Since Kf (r/2) must
be a lens space surgery on the trefoil, it follows that ∆(r/2, 6) = 1. In this
case we consider the possibility of non-integral exceptional surgeries. We note
that the link Lm,r = Tm(−r) has 4m + 10 − r half-twists. See Figure 2.4.15.
This can be seen by carefully keeping track of the framing curve throughout
the Montesinos trick.
Proposition 2.4.9. The Montesinos knots P (3, 3, 2m,−1) with m > 1 admit
no small Seifert fibered surgeries.
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(a) (b) (c)
Figure 2.4.13: The Montesinos knot P (3, 3, 2m,−1) in (a) standard form and
(b) pillowcase form, and (c) the factor knot resulting from rotation about the
axis perpendicular to the page.
Figure 2.4.14: The Montesinos knot P (3, 3, 2m,−1), shown with the axis of
its strong inversion, and the resulting tangle Tm. Here m = 3.
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Figure 2.4.15: The link Lm,r and the component Jm. Here m = 3 and r = 12
(hence, 4m+ 10− r = 10 twists).
Proof. We begin by noting that we can show that m ≤ 8 just as we did when
dealing with K+m, earlier in this section (recall, Figure 2.4.3), so we will omit
the details. Consider the quotient links Lm,r obtained via the Montesinos trick.
When Lm,r is a link, it consists of an unknotted component, together with a
component Jm, which is the knot K[−1/3,−1/3, 1/m] (see Figure 2.4.15).
Since Jm is never a torus knot or a 2-bridge knot (for m > 1), Lm,r
is never a Seifert link or a Montesinos link, by Criteria 2.2.19 and 2.2.15,
respectively.
When Lm,r is a knot, we see that |Kh(Lm,r)| ≥ 4 and s(Lm,r) <
br(∆Lm,r(t)), so, by Criteria 2.2.14 and 2.2.17, Lm,r is never a Montesinos
knot or a torus knot.
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2.5 The case of (3, 4, 5)
We next turn our attention to the pretzel knots P (3,±4,±5) and
P (3, 4, 5,−1). We will follow the same program in which we make use of the
strong inversion and analyze the quotient link along with its double branched
cover. Because these are not infinite families of knots, we do not need to argue
to restrict any parameters as we have above. In the case of the length three
pretzel knots, since these knots bound punctured Klein bottles at slope α0,
we only need to consider fillings αr = α0 − r at distance at most 8 from α0
and from 1/0. Our only task here is to show that the quotient links are not
Seifert links nor Montesinos links. In the case of P (3,−4, 5), we must con-
sider non-integral surgeries. The length four pretzel knot P (3, 4, 5,−1) may
also admit non-integral exceptional surgeries, and, in this case, there is no
exceptional surgery by which we can bound the possible surgery slopes. On
the other hand, if P (3, 4, 5,−1)(r/s) is exceptional, then |s| ≤ 4, since it is
known that this pretzel knot is not tunnel number one [MSY96], and Baker,
Gordon, and Luecke have recently shown that knots of tunnel number greater
than one cannot have non-integral small Seifert fibered surgery slopes whose
denominator is 5 or larger [BGL]. The pictures corresponding to the analysis
of P (3, 4, 5,−1)(r/s) are nearly identical to the diagrams in Figures 2.4.14 and
2.4.15 (which corresponded to the analysis for P (3, 3, 2m,−1) in the previous
section; just let m = 2, and change a 1/3 tangle to a 1/5 tangle) and the
reader is encouraged to keep these in mind throughout this section.
Theorem 2.1.3. The pretzel knots P (3,±4,±5) and P (3, 4, 5,−1) admit no
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small Seifert fibered surgeries.
Proof. It is shown below, in Lemma 2.5.2, that the quotient links Lr/s corre-
sponding to the surgery spaces P (3, 4, 5,−1)(r/s) have Khovanov homology
of width at least 4 for |s| ≤ 4 when Lr/s is a knot. Thus, Criterion 2.2.14
suffices to prove that the knots Lr/s are not Montesinos knots. Lemma 2.5.1
shows that Lr/s is never a torus knot. If Lr/s is a link, then it is the union
of the unknot with the Montesinos knot K[−2; 1/2, 2/3, 2/5], which is never a
2-bridge knot or a torus knot, so Lr/s is never a Montesinos link or a Seifert
link, by Criteria 2.2.15 and 2.2.19.
Now, we consider the length three pretzel knots. Let L±,±,r be the
quotient link resulting from the Montesinos trick, applied to P (3,±4,±5).
When L±,±,r is a link, L±,±,r = U ∪ J , where J = K[2/3,±1/2,±2/5], which
is never the unknot, a two-bridge knot, or a torus knot. Thus, by Criteria
2.2.15 and 2.2.19, L±,±,r is never a Montesinos link with two components or a
Seifert link with two components.
When L±,±,r is a knot, 2g(L±,±,r) 6= s(L±,±,r), so L±,±,r is not a torus
knot, by Criterion 2.2.17, and we can use Method 1 to show that L±,±,r is
never a Montesinos knot.
Lemma 2.5.1. Lr/s is never a torus knot.
Proof. Recall that |s| ≤ 4, and write r/s = a/b + n. A general reference for
the facts in this proof is [Lic97]. If |b| = 2 or |b| = 4, then Lr/s has unknotting
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number one or two. Since the unknotting number of a (p, q)–torus knot is
(p − 1)(q − 1)/2, we could only have the trefoil or T (5, 2). However, both of
these knots are alternating, so they cannot have wide Khovanov homology, as
Lr/s will be shown to have below.
If a/b = 0 or b = 3, we can apply the oriented Skein relation to the
n–twist region of La/b+n to calculate a recursive formula for the Alexander
polynomials ∆Lr/s(t). In general, we write





and, applying the Skein relation to these knots, we calculate that
∆La/b+n(t) = k1(−t−1/2)n + k2(t1/2)n,
where k1 and k2 are fixed polynomials of small degree, depending on a/b and
the sign of n. In any event, we see that am−1 for La/b+n will be constant
as |n| increases for a fixed a/b. In fact, we can calculate that |am−1| takes
values 3, 2, 5, 5, 7, and 4, respectively, for the following cases: a/b = 0 and
n < 0,a/b = 0 and n > 0, a/b = 1/3 and n < 0, a/b = 1/3 and n > 0,
a/b = −1/3 and n < 0, and a/b = −1/3 and n > 0.
If K is a torus knot, then |ai| ≤ 1 for all i. It follows that Lr/s is never
a torus knot.
2.5.1 A Khovanov homology diversion
In order to prove that no surgery on K = P (3, 4, 5,−1) is a small
Seifert fibered space, we will argue that the quotient link, Lr/s corresponding
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to K(r/s) has Khovanov cohomology that is too wide when Lr/s is a knot and
|s| ≤ 4, i.e., |Kh(Lr/s)| ≥ 4.
We will need one important fact about Khovanov cohomology (see, for
example, [Tur06], for an overview). Let D be a diagram for a knot, and let D0
and D1 be the diagrams identical to D, except that a single crossing has been
resolved as pictured below.
D D0 D1
Define the value c to be
c = (number of negative crossings in D0) – (number of negative crossings in D) .
Then there is a long exact sequence relating the Khovanov cohomology groups:
−→ Khij+1(D1) −→ Khij(D) −→ Khi−cj−3c−1(D0) −→ Khi+1j+1(D1) −→
In our examples, one of D0 or D1 will represent a simple knot type (unknot,
Hopf link, trefoil, or (2,4)–torus link), and so the corresponding Kh will have
a small range of support. Outside of this range, there will be isomorphisms
between the graded components of Kh(D) and those of Kh(D1) or Kh(D0).
We will make use of these isomorphism below.
Lemma 2.5.2. Let r/s ∈ Q with r/s = a/b+ t for a/b ∈ {0, 1/2,±1/3,±1/4}
and t ∈ Z. Then |Kh(Lr/s)| ≥ 4.
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Surgery type Kh for fixed r/s General Kh Diagonals (j − 2i) Width
Integral Kh01(L−9) ∼= Q Kh0−t−8(Lt) ∼= Q {−8− t,−2− t} 4
(t < 0) Kh721(L−9) ∼= Q Kh7−t+12(Lt) ∼= Q
Integral Kh0−19(L11) ∼= Q Kh0−t−8(Lt) ∼= Q {−8− t,−t} 5
(t > 0) Kh−10−31(L11) ∼= Q Kh−10−t−20(Lt) ∼= Q
Half-integral Kh−4−13(L1/2−5) ∼= Q Kht+12t−3(L1/2+t) ∼= Q {−5, 1} 4
(t odd, t < 0) Kh−11−21(L1/2−5) ∼= Q Kht−62t−11(L1/2+t) ∼= Q
Half-integral Kh−7−21(L1/2−6) ∼= Q Kht−12t−9(L1/2+t) ∼= Q {−7,−1} 4
(t even, t < 0) Kh−14−29(L1/2−6) ∼= Q Kht−82t−17(L1/2+t) ∼= Q
Half-integral Kh715(L1/2+5)
∼= Q2 Kht+22t+1(L1/2+t) ∼= Q2 {−5, 1} 4
(t odd, t > 0) Kh1423(L1/2+5)
∼= Q Kht+72t+9(L1/2+t) ∼= Q
Half-integral Kh47(L1/2+6)
∼= Q Kht−22t−5(L1/2+t) ∼= Q {−7,−1} 4
(t even, t > 0) Kh1115(L1/2+6)
∼= Q Kht+52t+3(L1/2+t) ∼= Q
Third-integral Kh−4−9(L1/3−8) ∼= Q Kh−4−t−17(L1/3+t) ∼= Q {−t− 9,−t− 3} 4
(t < 0) Kh−11−17(L1/3−8) ∼= Q Kh−11−t−25(L1/3+t) ∼= Q
Kh11(L−1/3−6) ∼= Q Kh1−t−5(L−1/3+t) ∼= Q {−t− 7,−t− 1} 4
Kh−9−13(L−1/3−6) ∼= Q Kh−9−t−19(L−1/3+t) ∼= Q
Third-integral Kh1−15(L1/3+8) ∼= Q2 Kh1−t−7(L1/3+t) ∼= Q2 {−t− 9,−t− 1} 5
(t > 0) Kh−8−25(L1/3+8) ∼= Q Kh−8−t−17(L1/3+t) ∼= Q
Kh1−13(L−1/3−8) ∼= Q2 Kh1−t−7(L−1/3+t) ∼= Q2 {−t− 9,−t+ 1} 5
Kh−6−19(L−1/3−8) ∼= Q Kh−6−t−11(L−1/3+t) ∼= Q
Fourth-Integral Kh−8−19(L1/4−9) ∼= Q Kht+12t−1(L1/4+t) ∼= Q {−3, 3} 4
(t odd, t < 0) Kh−9−15(L1/4−9) ∼= Q7 Kht2t+3(L1/4+t) ∼= Q7
Kh−9−27(L−1/4−9) ∼= Q2 Kht2t−9(L−1/4−t) ∼= Q2 {−9,−3} 4
Kh−10−23(L−1/4−9) ∼= Q2 Kht−12t−5(L−1/4−t) ∼= Q2
Fourth-Integral Kh−11−29(L1/4−8) ∼= Q Kht−32t−13(L1/4+t) ∼= Q {−7,−1} 4
(t even, t < 0) Kh−12−25(L1/4−8) ∼= Q7 Kht−42t−9(L1/4+t) ∼= Q7
Kh−7−19(L−1/4−8) ∼= Q Kht+12t−3(L−1/4−t) ∼= Q {−5, 1} 4
Kh−8−15(L−1/4−8) ∼= Q2 Kht2t+1(L−1/4−t) ∼= Q2
Fourth-Integral Kh819(L1/4+7)
∼= Q2 Kht2t+5(L1/4+t) ∼= Q2 {−1, 5} 4
(t odd, t > 0) Kh915(L1/4+7)
∼= Q Kht+12t+1(L1/4+t) ∼= Q
Kh69(L−1/4+9) ∼= Q2 Kht−32t−9(L−1/4+t) ∼= Q2 {−3,−9} 4
Kh99(L−1/4+9) ∼= Q2 Kht2t−9(L−1/4+t) ∼= Q2
Fourth-Integral Kh611(L1/4+8)
∼= Q2 Kht−22t−5(L1/4+t) ∼= Q2 {−7,−1} 4
(t even, t > 0) Kh77(L1/4+8)
∼= Q2 Kht−12t−9(L1/4+t) ∼= Q2
Kh715(L−1/4+8) ∼= Q Kht−12t−1(L−1/4+t) ∼= Q {−5, 1} 4
Kh811(L−1/4+8) ∼= Q Kht2t−5(L−1/4+t) ∼= Q
Table 2.1: For each type of a/b (first column), Kh(La/b+t0) can be seen to have
width at least 4 (columns 2, 4, and 5). Furthermore, due to the isomorphisms
exhibited in Lemma 2.5.2, these graded components persist (up to consistent
grading shifts) for all |t| > |t0| (column 3), which proves that Kh(La/b+t) always
has width at least 4 (columns 3,4, and 5).
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Proof. This proof will be split into cases based on the value of a/b. Values of
t will be chosen so that La/b+t is a knot, since the case of a link has already
been covered above. Throughout, keep in mind that the diagram D of Lr/s is
a slight variation on the left side of Figure 2.4.15, as mentioned before.
First, assume that a/b = 0. If t > 0, then choose one of the negative
crossings in the t-twist area of a diagram D for Lt. If t < 0, form D by
creating a pair of opposite crossings next to the t-twist area, so that it contains
a negative crossing and t+1 positive crossings. In either case, the 0-resolution
of the negative crossing, D0, is the unknot and the 1-resolution, D1, is Lt−1.
In either case, c = −t − 2. Repeat the process once again, using D1 as D′.
Once again, D′0 is the unknot, but now D
′
1 = Lt−2 and c
′ = −t−1. Combining
all of this, we have
Khij(Lt)
∼= Khij−2(Lt+2) if i 6= −t− 3,−t− 2,−t− 1.
Now, if we refer to Table 2.5.1, the second column provides examples of graded
components of Kh(L11) and Kh(L−9) that demonstrate that these knots have
wide Khovanov cohomology. But as |t| increases, these graded components are
preserved isomorphically (with a grading shift) in Kh(Lt). It follows that for
large values of |t|, Kh(Lt) is also wide. For small values of |t| (say, |t| ≤ 11),
it is easily verified by computer that Kh(Lt) is wide.
When a/b = 1/2, an identical argument (producing c-values of 1 and
−3) gives us that
Khij(L1/2+t+2)
∼= Khi−2j−4(L1/2+t) if i 6∈ [−3, 3].
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One difference here is that D1 and D
′
1 are the Hopf link, instead of the unknot,
so Kh vanishes outside i ∈ [−2, 2]. With this in mind, the values in Table 2.5.1
give the desired width estimates.
When a/b = ±1/3, the analysis is identical to that of the case when
a/b = 0, except that D0 and D
′
0 are a trefoil, both of whose Kh is supported
in i ∈ [−3, 3], so we have
Khij(L1/3+t)
∼= Khij−2(L1/3+t+2) if i 6∈ [−t− 6,−t+ 2],
and
Khij(L−1/3+t) ∼= Khij−2(L−1/3+t+2) if i 6∈ [−t− 3,−t+ 5].
When a/b = ±1/4, the analysis is similar to that of the case when
a/b = ±1/3, except that D0 and D′0 are both either the T (2, 4) or T (2,−4)
torus link, both of whose Kh is supported in i ∈ [−4, 4], so we have
Khij(L±1/4+t) ∼= Khi+2j+4(L±1/4+t+2) if i 6∈ [−5, 5].
All these cases are concluded by regarding the information in Table
2.5.1, as has been done above.
2.6 Non-pretzel Montesinos knots
In this section, we discuss small Seifert fibered surgery on non-pretzel
Montesinos knots. By Wu [Wu10, Wu11c], we need only consider a handful
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of cases: K[1/3,−2/3, 2/5], K[−1/2, 1/3, 2/(2a + 1)] for a ∈ {3, 4, 5, 6, }, and
K[−1/2, 2/5, 1/(2q + 1)] for q ≥ 1. We prove the following theorem.
Theorem 2.1.4. Suppose that K is a non-pretzel Montesinos knot and K(α)
is a small Seifert fibered space. Then either K = K[−1/2, 2/5, 1/(2q + 1)] for
q ≥ 5, or K is on the following list and has the described surgeries.
• K[1/3,−2/3, 2/5](−5) = S2(1/4, 2/5,−3/5)
• K[−1/2, 1/3, 2/7](−1) = S2(1/3, 1/4,−4/7)
• K[−1/2, 1/3, 2/7](0) = S2(1/2, 3/10,−4/5)
• K[−1/2, 1/3, 2/7](1) = S2(1/2, 1/3,−16/19)
• K[−1/2, 1/3, 2/9](2) = S2(1/2,−1/3,−3/20)
• K[−1/2, 1/3, 2/9](3) = S2(1/2,−1/5,−3/11)
• K[−1/2, 1/3, 2/9](4) = S2(−1/4, 2/3,−3/8)
• K[−1/2, 1/3, 2/11](−2) = S2(−2/3, 2/5, 2/7)
• K[−1/2, 1/3, 2/11](−1) = S2(−1/2,−2/7, 2/9)
• K[−1/2, 1/3, 2/5](3) = S2(1/2,−1/3,−2/15)
• K[−1/2, 1/3, 2/5](4) = S2(1/2,−1/6,−2/7)
• K[−1/2, 1/3, 2/5](5) = S2(−1/3,−1/5, 3/5)
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• K[−1/2, 1/5, 2/5](7) = S2(1/2,−1/5,−2/9)
• K[−1/2, 1/5, 2/5](8) = S2(−1/4, 3/4,−2/5)
• K[−1/2, 1/7, 2/5](11) = S2(−1/3, 3/4,−2/7)
Question ??. Do the Montesinos knots K[−1/2, 2/5, 1/(2q + 1)] with q ≥ 5
admit small Seifert fibered surgeries?
With the exception of the case noted in the question above, we now
prove the list give in Theorem 2.1.4 is complete. In proving the theorem, we
will consider the three types of Montesinos knots involved separately. Note
that throughout, we assume r ∈ Z.
2.6.1 The case of K[1/3,−2/3, 2/5]
First, consider the case when K = K[1/3,−2/3, 2/5]. By Wu [Wu11a],
K(−4) and K(−6) are toroidal, so it suffices to consider K(r) for −12 ≤ r ≤ 2,
by Theorem 2.2.10. Define Lr, as we have done before (see Figure 2.6.1, left
side). To show that Lr is not a Montesinos knot or link, we apply Method 1.
In the case of even r, we note that Lr = U ∪ T (2, 3), so if Lr is a length three
Montesinos link with two components, then one tangle is either a (1/3)–tangle
or a (2/3)–tangle. When such a check is performed, precisely one match is
found: K[1/3,−2/3, 2/5](−5) is a Seifert fibered space, as shown in Theorem
2.1.4.
To see that Lr is never a Seifert link, we simply note that for odd r, Lr
cannot be a torus knot, by Criterion 2.2.17, since |s(Lr)| < br(∆Lr(q)). If r is
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even, we note that Lr = U ∪ T (2, 3). A priori, Lr may be a trefoil union one
of its core curves; however, this link has crossing number 7, and the crossing
number of Lr is at least br(VLr) = 10. Thus, Lr is never a two component
Seifert link.
2.6.2 The case of K[−1/2, 1/3, 2/(2a+ 1)]
In the case where Ka = K[−1/2, 1/3, 2/(2a + 1)] for a ∈ {3, 4, 5, 6},
we note that by Wu [Wu11a] we have the following toroidal fillings: K3(−2),
K4(5), K5(2), K5(−3), andK6(2), so we consider surgery slopes r with distance
at most 8 from the corresponding toroidal filling.
We proceed as above, considering links and knots La,r (see Figure 2.6.1,
right side), to show that La,r is never a Montesinos knot or link, noting in this
case that La,r = U ∪ J , where J is T (2, 5) if a = 3, T (2, 3) if a = 4, and the
unknot if a = 5 or 6. By applying Method 1, we find that the Montesinos
links are precisely those stated in Theorem 2.1.4.
If r is even, and La,r is a Seifert link, we must have that L3,r is the union
of T (2, 5), together with a core curve, L4,r is the union of T (2, 3), together with
a core curve, and L5,r and L6,r have the form T (2, 2n) for some n. However,
L5,r and L6,r cannot have this form, since they are not alternating, a fact
deduced by noticing that |Kh(La,r)| ≥ 3. As above, L4,r cannot have the said
form because it must have at least 9 crossings. Finally, we see that L3,r has
linking number ±1, while T (2, 5) has linking number ±5 or ±2 with its cores.
Thus, La,r cannot be a two component Seifert link.
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-8-r 6-r
Figure 2.6.1: On the left, we have the Montesinos knot K[1/3, 1/3 − 3/5],
along with the axis of one of its strong inversions, and the quotient link Lr.
On the right, we have the Montesinos knot K[−1/2, 1/3, 2/9], along with the
axis of its strong inversion, and the quotient link La,r with a = 4. In the case
of K[−1/2, 2/5, 1/(2a+ 1)], we have a picture similar to that on the right.
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If r is odd, we can obstruct most of the La,r from being torus knots by
using Criterion 2.2.17. However, L3,1 and L4,1 have equal Rasmussen invariant
and breadth of Alexander polynomial. The former, in fact, corresponds to a
Seifert fibered space, so consider L4,1. Since this knot has determinant 1, if it
is to be a torus knot of the form T (a, b), both a and b are odd. Furthermore,
since it has Rasmussen invariant equal to 10, we have 10 = (a − 1)(b − 1),
which is impossible if a and b are both odd. Thus, La,r is never a torus knot.
2.6.3 The case of K[−1/2, 2/5, 1/(2q + 1)]
Finally, we are left with the case when Kq = K[−1/2, 2/5, 1/(2q +
1)] and q ≥ 1. By Wu [Wu11a], we have the following toroidal fillings:
K1(6), K2(9), K3(12), K4(15) so for q ≤ 4, we can bound the surgery slope
r, and complete the classification. For larger q, we cannot. Furthermore, we
obtain no bound on q, as we have done above. Below, we argue that when
q ≤ 4, our classification is complete.
If we again consider Lq,r, we see that for q ≤ 4 and odd r, many
Lq,r have s(Lq,r) < br(∆Lq,r(t)) or det(Lq,r) > s(Lq,r) + 1, so they cannot be
torus knots, by Criteria 2.2.17 and 2.2.18, respectively. However, det(L1,r) =
s(L1,r) + 1 for r ∈ {5, 7, 9, 11, 13}. So, it is possible that L1,r = T (2, r).
However, |Kh(L1,r)| = 3 for such r, so they cannot be alternating knots.
When r is even, we note that Lq,r = U ∪ Jq, where Jq is the 2-bridge
knot K[2/(2q−9)]. This knot is only a torus knot (or the unknot) if q = 3, 4, 5,
or 6, so Lq,r can only be a Seifert link for these values, by Criterion 2.2.19.
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However, L4,r is never alternating, so it cannot be T (2, 2n), and, L3,r has at
least 9 crossings, so it cannot be the union of a trefoil and a core curve.
We show Lq,r cannot be a Montesinos knot or link by applying Method
1. When r is even, we note that one tangle would be a (2/(2q + 5))–tangle or
a ((q + 3)/(2q + 5))–tangle.
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Chapter 3
Distinguishing topologically and smoothly
doubly slice knots
3.1 Introduction
A knot K in S3 is called smoothly doubly slice if there exists a smoothly
embedded, unknotted 2–sphere κ in S4 such that κ∩S3 = K. Analogously, K
is called topologically doubly slice if κ is topologically locally flat. The question
of which slice knots are doubly slice was first posed by Fox in 1961 [Fox62], and
Zeeman showed thatK#(−K) is always doubly slice [Zee65]. Work of Sumners
encapsulates what was known up to about 1970 [Sum71]. In particular, he gave
necessary algebraic conditions for a knot to be doubly slice and proved that
946 is the only doubly slice knot up to 9 crossings. Although his proof that 946
is doubly slice is (necessarily) geometric in nature, his obstruction methods
are actually purely algebraic. He showed that 946 is the only knot up to 9
crossings that is algebraically doubly slice. A knot K is called algebraically








where AK is a Seifert matrix for K, and B1 and B2 are square matrices of equal
dimension. Matrices of this form are often called hyperbolic, and have been
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studied by Levine [Lev89]. We remark that all these concepts generalize to
higher dimensions (see, for example [Sum71]), but we will restrict our attention
to the classical dimension.
Since the work of Sumners, there have been three major geometric
developments in the theory, all in the topologically locally flat category. In
what follows, we will take ‘slice’ and ‘doubly slice’ to mean ‘topologically slice’
and ‘topologically doubly slice’ and clarify the category when necessary or
helpful.
First, in 1983, Gilmer-Livingston showed, using Casson-Gordon invari-
ants, that there exist smoothly slice knots that are algebraically doubly slice,
but not doubly slice [GL83]. Second, about 10 years ago, Kim [Kim06] ex-
tended the bi-filtration technology introduced by Cochran-Orr-Teichner in
[COT03] to the class of topologically doubly slice knots. At the same time,
Friedl [Fri04] showed that certain η–invariants coming from metabelian repre-
sentations pi1(MK) → U(k), where MK denotes 0–surgery on K, can be used
to obstruct double sliceness.
In this paper, the invariants used are the correction terms coming from
Heegaard Floer homology (see [OS03a]). These are smooth manifold invari-
ants, so they are well suited to distinguish the smooth and topologically locally
flat categories. A second property these invariants enjoy is the fact that, while
they can be used to obstruct smooth sliceness, they do not completely vanish
for smoothly slice knots, as do invariants such as the signature, τ–invariant,
or s–invariant. Thus, they encode enough information to distinguish smooth
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double sliceness and smooth sliceness. The main result of the present paper is
the following.
Theorem E. There exists an infinite family of smoothly slice knots that are
topologically doubly slice, but not smoothly doubly slice.
Recall that two knotsK0 andK1 are said to be concordant ifK1#(−K2)
is slice (where −K denotes the mirror reverse of K) or, equivalently, if there
exists a properly embedded cylinder C ⊂ S3 × I such that C ∩ S3 × {i} = Ki
for i = 0, 1. If K0 and K1 are concordant, we write K0 ∼ K1. Concordance can
be studied in either the smooth or the topologically locally flat categories and
induces (different) equivalence relations therein. Let C denote the set of knots
in S3 up to smooth concordance. Under connected sum, C inherits an abelian
group structure and is called the smooth concordance group. Similarly, one can
define the topological concordance group Ctop and the algebraic concordance
group G. There exist surjective homomorphisms
C
ψ−→ Ctop φ−→ G.
These groups have received a large amount of attention and many in-
teresting theorems and examples have expanded our understanding of their
nature; however, there remain many open problems. For example, it is still
not known whether or not C and Ctop contain elements of finite order greater
than two. On the other hand, Levine [Lev69a, Lev69b] proved that
G ∼= Z∞ ⊕ Z∞2 ⊕ Z∞4 .
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For an excellent survey, see [Liv05].
It would be natural to define K0 and K1 to be doubly concordant if
K0#(−K1) is doubly slice. However, it is not known whether this gives an
equivalence relation. The issue is the following unsolved problem.
Question 3.1.1. Suppose that K is doubly slice and that J#K is doubly
slice. Then, must J be doubly slice?
Without an affirmative answer to Question 3.1.1, one cannot prove
transitivity of the desired equivalence relation. We say that J is stably doubly
slice if J#K is doubly slice for some doubly slice knot K. Then, Question
3.1.1 is simply asking whether or not there exist stably doubly slice knots that
are not doubly slice. Because of these difficulties, we must adopt a different
definition of doubly concordant.
Recall that two knots K0 and K1 are concordant if and only if there
exist two slice knots J0 and J1 such that K0#J0 = K1#J1. This follows from
the more common definition of concordant by realizing that the analogue of
Question 3.1.1 for slice knots is true: If K is slice and J#K is slice, then J is
slice. With this in mind, we adopt the following definition.
Definition 3.1.2. Two knots K0 and K1 are smoothly doubly concordant if
there exist smoothly doubly slice knots J0 and J1 such that K0#J0 = K1#J1.
We write K0
D∼ K1.
It is straightforward to verify that
D∼ is an equivalence relation. We
let CD denote the set of knots in S
3 modulo this relation, which inherits an
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abelian group structure under connected sum and is called the smooth double
concordance group. Analogously, we can define the topological double concor-





The study of these structures is complicated by Question 3.1.1. In
Subsection 3.3.6 we show that if K is smoothly stably doubly slice, then the
correction terms of Σ2(K) must vanish in the same way as when K is smoothly
doubly slice. In other words, the correction terms cannot detect the difference
between smoothly doubly slice and smoothly stably doubly slice. In this light,
one consequence of Theorem E is that TD 6= 0, where TD = ker(ψD).
In [GRS08], Grigsby, Ruberman, and Strle (building on work of Jabuka
and Naik [JN07]) defined invariants that can be used to obstruct a knot from
having finite order in C. After a slight modification, we show that similar
invariants can be applied to CD. After restricting our attention to a certain
subfamily of the knots from Theorem E, we are able to show the following.
Theorem F. There is an infinitely generated subgroup, S, inside TD generated
by smoothly slice knots whose order in CD is at least three.
One would like to say that the knots in S have infinite order in CD.
Unfortunately, due to Question 3.1.1, we can only obstruct order one and
order two.
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Conjecture G. The subgroup S ⊂ TD is isomorphic to Z∞.
Note that an affirmative answer to Question 3.1.1 would imply Conjec-
ture G. If the conjecture is not true, then there are knots in S whose branched
double covers do not smoothly embed in S4, but do stably embed in S4
smoothly. One corollary to Theorem E is the existence of an infinite fam-
ily of rational homology 3–spheres that embed in S4 topologically, but not
smoothly. Note that these manifolds are not integral homology spheres.
Organization
In Section 3.2, we give a brief outline of the proofs of Theorems E and
F and give a background overview of the relevant theories. In Section 3.3, we
give the construction of the pertinent family of knots and prove that they are
topologically doubly slice. We also introduce and discuss the 3–manifolds and
4–dimensional cobordisms that are used in the proof of Theorem E, discuss
the sub-family of knots used to prove Theorem F, and address the subtlety
of Question 3.1.1. In Section 3.4 we recall the pertinent aspects of Heegaard
Floer theory. In Section 3.6, we perform the calculations necessary to prove
that the knots are not smoothly doubly slice. In Section 3.7, we use invariants
introduced by Grigsby, Ruberman, and Strle to prove Theorem F. The proofs
of the main theorems rely on calculations of the knot Floer complexes for
certain torus knots and the positive, untwisted Whitehead double of the right-
handed trefoil. These facts, some of which are found in [HKL12], are presented
in Section 3.5.
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Figure 3.1.1: One member of the family Kp; here, p = 5.
Acknowledgements
For the results in the present chapter, the author owes a great deal of
gratitude to C¸ag˘ri Karakurt and Tye Lidman, who generously shared their
insight and knowledge of Heegaard Floer homology on numerous occasions
and whose comments and ideas throughout this project were invaluable. The
author would also like to thank his advisor, Cameron McA. Gordon, for his
continued support and guidance and for freely sharing his expertise and com-
prehensive knowledge of all things knot theoretical. This work was supported
by NSF grant number DMS-1148490.
3.2 Background and outline of proof
In Section 3.3, we construct the knots Kp for odd primes p, and prove
that they are topologically doubly slice. (See Figure 3.1.1 for an example.)
The most difficult task of this paper is showing that the Kp are not
smoothly doubly slice. This is accomplished by studying the double covers of
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S3 branched along these knots. If K is a smoothly doubly slice knot, then it is
the intersection of a smoothly unknotted 2–sphere κ ⊂ S4 with the standard
S3 ⊂ S4. So we have (S3, K) ⊂ (S4, κ), where the first pair sits as the equator
of the second. Taking the branched double cover, we get (Σ2(K), K) ⊂ (S4, κ).
This gives a smooth embedding of the branched double cover Σ2(K) of K into
S4. We have proved the following.
Proposition 3.2.1. If K is a smoothly doubly slice knot, then Σ2(K) embeds
smoothly into S4.
So, we can prove that a knot is not smoothly doubly slice by showing
that its branched double cover doesn’t embed smoothly in S4. To do this, we
make use of the correction terms coming from Heegaard Floer homology. For
more details, see Section 3.4. For now, let M denote a closed 3–manifold, and
let s ∈ Spinc(M). Let d(M, s) denote the correction term associated to the
pair (M, s). The main tool in this paper is the following theorem, which also
appears in [Don12] and [GL83] in one form or another.
Theorem 3.2.2. LetM be a rational homology 3–sphere that embeds smoothly
in S4. Then H1(M) = G1 ⊕G2 with G1 ∼= G2. Furthermore, there is an iden-
tification Spinc(M) ∼= H2(M ;Z) ∼= H1(M) such that
d(M, s) = 0 ∀s ∈ G1 ∪G2.
In other words, if |H1(M ;Z)| = n2, then at least 2n − 1 of the n2 correction
terms associated to M must vanish.
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Proof. SinceM embeds smoothly in S4, we get a decomposition S4 = U1∪MU2,
where Ui is a rational homology 4–ball for i = 1, 2. LetGi = H1(Ui) for i = 1, 2.
By analyzing the Mayer-Vietoris sequence induced by this decomposition, we
see that H1(M) ∼= H1(U1)⊕H1(U2) = G1⊕G2. The proof that G1 ∼= G2 is due
to Hantzsche [Han38], and is as follows. By analyzing the relative sequence
for (S4, U1), we see that H1(U1) ∼= H2(S4, U1). By excision, H2(S4, U1) ∼=
H2(U2,M), and by Lefschetz duality, H2(U2,M) ∼= H2(U2). Finally, by the
universal coefficients theorem, H2(U2) ∼= H1(U2) (since H1(U2) and H2(U2)
are both torsion).
Now consider the dual isomorphism G1 ⊕G2 ∼= H2(M), whose restric-
tions to Gi are induced by the inclusion M ↪→ Ui for i = 1, 2. Elements in
H2(M) that are in the image of this inclusion from Gi correspond to Spin
c
structures on M that extend to Spinc structures over Ui for i = 1, 2. How-
ever, for any 3–manifold Y and s ∈ Spinc(Y ), we have that d(Y, s) = 0 if
(Y, s) = ∂(W, t), where W is a rational homology 4–ball and t extends s (see
[OS03a]).
If follows that d(M, s) = 0 for any s ∈ G1 ∪ G2, which is a set of
cardinality 2n− 1.
Let Zp denote the double cover of S
3 branched along the knot Kp. In
Section 3.6, we make use of the surgery exact triangle to relate the Heegaard
Floer homology of Zp to that of simpler manifolds (manifolds obtained as
surgery on knots in S3, to be precise). Using this set-up, we show in Corollary
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3.6.2 that only 2p − 3 of the p2 correction terms associated to Zp vanish. By
Theorem 3.2.2, this implies Theorem E.
Of course, the statement that at least 2n− 1 of the n2 correction terms
must vanish does not use the full strength of Theorem 3.2.2, since it makes no
use of the group structure of the correction terms. Jabuka and Naik [JN07]
used this group structure to prove that many low crossing knots (whose con-
cordance order was unknown) are not order 4 in C. Grigsby, Ruberman, and
Strle investigated this concept further [GRS08], and introduced knot invari-
ants that can be used to obstruct finite concordance order among knots. We
refine one set of these invariants so that they can be used to obstruct order
one and order two in the double concordance group, and use them to prove
that a family related to the Kp generates an infinite rank subgroup in CD (see
Section 3.7). This proves Theorem F.
3.3 Geometric considerations
In this section, we use the method of infection to construct the knotsKp
and Kp,k. We then describe a sufficient condition for a knot to be doubly slice
and use it to prove that these knots are topologically doubly slice. Next, we
introduce the 3–manifolds triad that will be used in Section 3.6, and describe
the 4–dimensional cobordisms relating them. Finally, we address Question
3.1.1.
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3.3.1 Infection and the knots Kp
Let ~η = (η1, . . . , ηn) be an n–component unlink in S
3, and choose an
open tubular neighborhood Ni of each ηi such that N i ∩N j = ∅ for i 6= j. Let
E = S3−∪ni=1Ni. Next, consider a collection of knots ~J = (J1, . . . , Jn), and let
EJi denote the exterior of Ji. Let M be the manifold obtained by gluing EJi
to E along ∂Ni such that the meridian and longitude of ηi are identified with
the longitude and meridian of Ji, respectively. This choice of gluing ensures
that M is diffeomorphic to S3.
Let K ⊂ E, and let f : E →M be the natural inclusion. Then the knot
K~η( ~J) = f(K) is the result of infection on K by ~J along ~η. In the case when
~η is a knot, we simply write Iη(J). See Figure 3.3.3. The term “infection” was
coined in [COT03].
Example 3.3.1.
1. If n = 1, we recover the satellite construction. In particular, if η is chosen
to be a meridian of K, then infection of K by J along η is simply K#J .
2. If K ∪ η is the positive Whitehead link (see Figure 3.3.1 (b)), then
infection of K by J along η is the positive, untwisted Whitehead double
of J , which we denote by Wh+(J, 0). For example, if J is the right-
handed trefoil, then Wh+(J, 0) is shown in Figure 3.3.1 (c).
89
(a) (b) (c)
Figure 3.3.1: (a) The right-handed trefoil, (b) the positive Whitehead link,
and (c) the positive, untwisted Whitehead double of the right-handed trefoil.
Figure 3.3.2: An example of the torus knot Tp,p+1; here p = 5.
Throughout, we will denote the (p, q)–torus knot by Tp,q for 2 ≤ p < |q|
(see Figure 3.3.2).
Let IJ,p denote the knot obtained by infecting T2,p#(T2,−p) with J along
η (see Figure 3.3.3). Let D be the positive, untwisted Whitehead double of
the right handed trefoil, and let Kp = ID,p for p an odd prime (see Figures
3.1.1 and 3.3.3(b)). Let Kp,k = I#kD,p, and note that Kp,1 = Kp. The rest of
the paper will be devoted to proving that these knots are topologically doubly







Figure 3.3.3: (a) The knot T2,p#T2,−p along with the infection curve η. (b)
Two descriptions of the result of infecting T2,p#T2,−p with some knot J along
η. Here, p = 5.
3.3.2 A sufficient condition for double sliceness
In this subsection we will present a sufficient condition for a knot K to
be doubly slice that applies when K is obtained by a certain type of infection.
We remark that Donald [Don12] gives a different sufficient condition: one
which involves systems of ribbon bands for K.
Our criterion will make use of some well-known facts about topologi-
cally locally flat surfaces in 4–manifolds that result from the work of Freedman
and Quinn [Fre82, FQ90].
Theorem 3.3.2.
1. Let K be a knot in S3 with Alexander polynomial ∆K = 1. Then, there
exists a topologically locally flat disk D properly embedded in B4 with
∂D = K and pi1(B
4 −D) ∼= Z.
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2. Let κ be a topologically locally flat 2–knot in S4 with pi1(S
4 − κ) ∼= Z.
Then, there exists an embedded 3–ball B ⊂ S4 with ∂B = κ.
There is a simple corollary to this theorem that will be useful below.
Corollary 3.3.3. Let K be a knot in S3 with ∆K = 1. Then, K is topologi-
cally doubly slice.
Proof. By Theorem 3.3.2, we know that K bounds a topological disk D ⊂ B4
whose complement has fundamental group Z. Moreover, we have pi1(S3−K)→
pi1(B
4−D) ∼= Z is surjective. If we double the pair (B4, D) along the boundary
(S3, K), then we get (S4, κ), where κ is a topological 2–knot. It follows that
pi1(S
4 − κ) ∼= Z by van Kampen’s theorem (this uses the surjectivity). Thus,
κ is topologically unknotted with κ ∩ S3 = K, so K is topologically doubly
slice.
Proposition 3.3.4. Let K be a smoothly doubly slice knot and let K ′ = I~η( ~J)
be the result of infecting K with the knots Ji, each of which is topologically
doubly slice. Then K ′ is topologically doubly slice.
Proof. We can isotope the link K ∪ ~η so that the ηi span small, disjoint disks
Di for i = 1, . . . , n, which K intersects transversely in mi points. Because K
is smoothly doubly slice, there is a smoothly unknotted 2–sphere κ ⊂ S4 such
that κ ∩ (S3 × [−1, 1]) = K × [−1, 1]. From each Di × I × [−1, 1], we will
remove the interior of a small 4–ball Bi such such that Bi ∩ (K × [−1, 1]) is a
disjoint collection of mi parallel disks and Bi∩ (S3, K) is a trivial tangle of mi
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strands. Let m =
∑n
i=1mi. Let B be the result of this removal, i.e., to form
B we have removed n 4–balls from S4 and and m smooth 2–disks from κ to
form a punctured manifold pair.
Now, let Ji be one of the topologically doubly slice knots that will
be used in the infection. Let Ji be a topologically unknotted 2–sphere in S
4
such that Ji ∩ (S3 × [−1, 1]) = Ji × [−1, 1]. Let λi denote the disjoint union
of mi parallel copies of Ji. Then, λi ∩ S3 is the (mi, 0)–cable Ci of Ji, and
λi ∩ (S3 × [−1, 1]) = Ci × [−1, 1].
We can assume that the parallel copies of Ji are close enough so that
there is a small 4–ball B′i ⊂ S3× [−1, 1] such that B′i ∩ (Ci× I) is a collection
of mi parallel disks and B
′
i∩ (S3, Ci) is a trivial tangle of mi strands. Form Bi
by removing the interior of B′i. Then Bi is a 4–ball that contains mi parallel
topologically unknotted disks that intersect the B3 cross-section of B4 in the
tangle (B3, Ci), i.e., a 3–ball containing mi arcs that are tied in Ci.
Finally, we will reform S4 from B by gluing Bi to B along ∂Bi to
∂Bi ⊂ B. This has the effect of replacing each parallel set of mi smooth disks
that we removed from κ with a parallel set of mi topological disks. Since κ
was originally smoothly unknotted, this new 2–sphere κ′ is clearly topologically
unknotted. Furthermore, for each i, we removed from (S3, K) a trivial tangle
of mi strands. We have now replaced that tangle with the (B
3, Ci) tangle
described above. The result of this is to tie the mi strands in the knot Ci.
This is precisely the effect of infection of K with Ji along ηi. In other words,
κ′ is a topologically unknotted 2–sphere with κ′ ∩ S3 = I~η( ~J) = K ′. It follows
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that K ′ is topologically doubly slice.
We can apply the previous proposition to the knots Kp,k, proving that
the knots referenced in Theorems E and F are topologically doubly slice.
Corollary 3.3.5. The knots Kp,k are topologically doubly slice and smoothly
slice.
Proof. LetK = T2,p#T2,−p, let J = #kD, and let η be as shown in Figure 3.3.3.
Then, Kp,k = Kη(J), and K is smoothly doubly slice (by Zeeman [Zee65]) and
J is topologically doubly slice (by Corollary 3.3.3, since ∆J = 1). Thus, by
Proposition 3.3.4, Kp,k is topologically doubly slice.
To see that Kp,k is smoothly slice, consider it as the boundary of a
punctured Klein bottle, as in Figure 3.3.4. This punctured Klein bottle is
formed by attaching two bands to a disk. In this case, the right most band
is unknotted and untwisted. It follows that we can push the interior of the
punctured Klein bottle into the 4–ball and surger it along the core of this band.
The result is a smooth, properly embedded disk in the 4–ball with boundary
Kp,k.
3.3.3 Relevant 3–manifolds and 4–dimensional cobordisms
Let IJ,n be the infected knot described above, and let ZJ,n be the
double-cover of S3 branched along IJ,n. In [AK80], Akbulut and Kirby de-











Figure 3.3.4: (a) The knot IJ,n, shown as the boundary of a punctured Klein
bottle. The boxes indicate n positive half-twists. (b) Two descriptions of the
resulting branched double cover, ZJ,n, which are related by a handleslide.
along a surface bounded by a knot. Applying this technique, we see that
ZJ,n = S
3
n,−n((J#J)(2,0)), i.e., surgery on the (2,0)–cable of J#J with surgery
coefficients n and −n (see Figure 3.3.4). Note that throughout this paper, J
will be a reversible knot, so Jr = J .
Let X = S3n(J#J), and let K ⊂ X be the null-homologous knot shown
in Figure 3.3.5. If we think of X as n–surgery on one component of the (2,0)–
cable of J#J , then K is the image (in the surgery manifold) of the second
component of the (2,0)–cable. Since K is a longitudinal push-off of J#J in S3,
it bounds, in S3, a Seifert surface F with g(F ) = g(J#J). Since F is disjoint
from J#J , we see that F is a Seifert surface for K in X, as well. Thus, K
is null-homologous in X. With respect to the Seifert framing of K in X, we
have X−n(K) = ZJ,n.







Figure 3.3.5: Two equivalent views of the null-homologous knot K in X =
S3n(J#J
r). Note that the Seifert framing on K is different in these two de-





Figure 3.3.6: The manifold Y is obtained as (−1)–surgery on K in X. After
a blowdown, Y can be realized by (n2 + n)–surgery on J#J#Tn,n+1.
down (see Figure 3.3.6), we see that Y = S3n2+n(J#J#Tn,n+1). These three





Now, since −W3 is the cobordism from X to Z corresponding to at-
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taching a (−n)–framed 2–handle along K in X, we have that H2(−W3) ∼= Z
is generated by the class S3 = F ∪ D2, i.e., the genus g Seifert surface for
K, capped off with the core disk of the 2–handle, and [S3] · [S3] = −n in
−W3. Therefore, W3 is a positive definite cobordism whose second homology
is generated by a surface of genus g(J#J) with self-intersection n.
Similarly, W1 is formed by attaching a (−n− 1)–framed 2-handle to X
along K. The result is that W1 is a negative definite cobordism whose second
homology is generated by a class [S1], where S1 is a surface of genus g = g(K)
with self-intersection −n − 1. Note also that H2(W1) ∼= Zn ⊕ Z. The map
from H2(W1) → H2(X) induced by restricting to X is realized by projection
onto the first component: Zn ⊕ Z → Zn, while the corresponding map from
H2(W1)→ H2(Y ) is reduction modulo n+ 1 of the second component: Zn ⊕
Z→ Zn+1.
Finally, W2 is obtained by attaching a (−1)–framed 2-handle along the
meridian µ shown in Figure 3.3.7. In fact, µ is rationally null-homologous,
and bounds a rational Seifert surface, S2. It turns out that this surface has
self-intersection −n2 − n and [S2] generates the second homology of W2, so
W2 is negative definite. Note also that H
2(W2) ∼= Zn ⊕ Z. The map from
H2(W2)→ H2(Y ) induced by restricting to Y is realized by reduction modulo
n+1 of the second component and the identity on the first: Zn⊕Z→ Zn⊕Zn+1,
while the corresponding map from H2(W2) → H2(Z) is reduction modulo n
of the second component and the identity on the first: Zn ⊕ Z→ Zn ⊕ Zn.







Figure 3.3.7: (a) The manifold Y shown with the rationally null-homologous
meridian µ. (b) The manifold Z, obtained by (−1)–surgery on µ.
−n2−n. We are performing (−1)–surgery on a meridian, µ, to one component
of the framed link giving Y . The effect of this surgery is to attach a 0–framed
disk to every (−1, 1)–curve on ∂N(µ). If we select n + 1 of these curves,
we get the torus link Tn+1,n+1. Since this is an (n + 1)–component link and
each component is a meridian, it is homologous to (n + 1) · µ = 0. So this
Tn+1,n+1 bounds an orientable surface in Y . If we attach 0–framed 2-handles
to each component, it is easy to see that the intersection among these disks
is simply given by the total linking of the components of Tn+1,n+1. Let S2 be
the surfaces obtained by capping off the n + 1 boundary components of this
orientable surface with these 0–framed disks. Then, S2 · S2 = −n(n+ 1).
The following example will be pertinent to our calculations in Section
3.6.
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Example 3.3.6. If J is the unknot, then
X = L(n, 1),
Y = S3n2+n(Tn,n+1) = L(n, 1)#L(n+ 1,−1), and
Z = L(n, 1)#L(n,−1).
In general,
X = S3n(J#J),
Y = S3n2+n(J#J#Tn,n+1), and
Z = S3n,−n((J#J)(2,0)).
3.3.4 Enumerating Spinc structures
This nice homological algebraic set-up gives us natural enumerations
of the Spinc structures on the manifolds in question. Since X is surgery on a
knot in S3, there is an enumeration of Spinc(X) by i ∈ Zn. Let si ∈ Spinc(X)
for some i ∈ Zn.
Let [si, sj] ∈ Spinc(Y ) denote the Spinc structure on Y that is cobordant
to si via a Spin
c structure [si, tm] with
〈c1([si, tm]), [S1]〉 = 2m+ n,
where m ∈ Z is any integer satisfying m ≡ j (mod n+ 1).
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Let [si, sk] ∈ Spinc(Z) denote the Spinc structure that is cobordant to
[si, sj] via [si, rm] with
〈c1([si, rm]), [S2]〉 = 2m+ n(n+ 1),
where m ∈ Z is any integer satisfying m ≡ j (mod n+1) and m ≡ k (mod n).
A key feature of this set-up is that we are given affine identifications:
Spinc(X) ∼= Zn
Spinc(Y ) ∼= Zn ⊕ Zn+1
Spinc(Z) ∼= Zn ⊕ Zn,
the first and third of which take the unique spin structure to the identity
element.
3.3.5 Remarks about surgery coefficients
In what follows, we will use Heegaard Floer theory to study the mani-
folds described above. In general, when studying the Heegaard Floer homology
of surgeries on knots, calculations become much simpler when dealing with
large surgery coefficients. For example, Theorem 3.4.6, which we will use ex-
tensively, requires that the surgery coefficient be positive and at least 2g − 1,
where g is the genus of the knot that is being surgered. The purpose of this
subsection is to show that this criterion is being met in what follows and to
examine the knots Kp,kp , which will be used in Section 3.7 to prove Theorem
F.
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Let IJ,p be the knot formed by infecting T2,p#T2,−p with J along η, as
shown in Figure 3.3.3. Consider J = #kD, which is a knot of genus k. In
order to apply Theorem 3.4.6 to the manifold X = S3p(J#J), we must have
p ≥ 2g(J#J)− 1 = 4k − 1. In order to apply Theorem 3.4.6 to the manifold
Y = S3p2+p(J#J#Tp,p+1), we must have







So, we must have p ≥ 4k−1
2
, i.e., k ≤ 2p+1
4
. In Section 3.7, it will be necessary
for us to consider knots where k ≥ p+5
12
. Let kp = dp+612 e, and define Kp,kp =
I#kpD,p. Then, the manifolds associated to Kp,kp are surgeries of appropriately
large coefficient and kp is large enough to satisfy the conditions in Section 3.7:





]− 1 = p+18
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These inequalities will be satisfied for large p, and for small p it is easy to see
that the condition on kp can be relaxed. It should be noted that there are, in
general, many values of k that will suffice for each value of p, we have simply
chosen one that will work for all large values of p.
3.3.6 Linking forms and Question 3.1.1
A knot K ⊂ S3 is called stably doubly slice if there exists a doubly slice
knot J such that K#J is doubly slice. Question 3.1.1 can be rephrased to
ask whether there exist stably doubly slice knots that are not doubly slice. In
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this subsection we show that the correction terms could possibly detect the
difference between smoothly doubly slice knots and smoothly stably doubly
slice knots.
Analogously, we say that a 3–manifold M stably embeds smoothly in
S4 if there is a 3–manifold N that embeds smoothly in S4 such that M#N
embeds smoothly in S4. It is not known if such an M must itself embed in S4.
Give a finite abelian group G, a linking form on G is a non-degenerate,
symmetric, bilinear form λ : G × G → Q/Z. For every rational homology
3–sphere M there is a linking form λ : H1(M) × H1(M) → Q/Z defined by
Poincare´ duality.
Now we will consider linking triples (G, λ, f), where G is a finite abelian
group, λ is a linking form on G, and f : G→ Q is a function (not necessarily
a homomorphism). Such a triple is called metabolic if there is a subgroup
G1 < G with |G1|2 = |G| such that λ|G1 ≡ 0 and f(G1) = 0. The triple
is called hyperbolic if G = G1 ⊕ G2 with G1 ∼= G2 such that λ|Gi ≡ 0 and
f(Gi) = 0 for i = 1, 2. Note that the set of linking triples has an additive
structure given by orthogonal sum.
Lemma 3.3.7. Let (A, µ, f) and (B, ν, g) be linking triples. If (A, µ, f) and
(A⊕B, µ⊕ ν, f ⊕ g) are both hyperbolic, then (B, ν, g) is metabolic.
Though we will use the hypotheses that (A, µ, f) and (A⊕B, µ⊕ν, f⊕g)
are hyperbolic, the result hold if these objects are merely metabolic. The
following proof is, in essence, due to Kervaire [Ker71].
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Proof. Let A = A0 ⊕ A1 and A ⊕ B = L ⊕M be the hyperbolic splittings of
A and A⊕B. Let Li = L∩ (Ai⊕B) and Mi = M ∩ (Ai⊕B) for i = 0, 1. Let
BLi and B
M
i be the projections of Li and Mi onto B, respectively. From now
on, we will restrict our attention to BL0 .
Let b, b′ ∈ BL0 . Then there exist a, a′ ∈ A0 such that a⊕ b, a′ ⊕ b′ ∈ L.
Then,
ν(b, b′) = µ(a, a′) + ν(b, b′) = µ⊕ ν(a⊕ b, a′ ⊕ b′) = 0,
and
g(b) = f(a) + g(b) = f ⊕ g(a⊕ b) = 0.
Thus, the restrictions of ν and g to the BL0 vanish. Next we show that |BL0 |2 =
|B|. Consider the following two short exact sequences:
0 −→ L0 −→ L
piA1−→ LA1 −→ 0,
where piA1 : A⊕B → A1 is projection onto A1 < A, and
0 −→ L ∩ (A0 ⊕ 0) −→ L0 piB−→ BL0 −→ 0,
where piB : A⊕B is projection onto B.




|L ∩ (A0 ⊕ 0)| =
|L|
|L ∩ (A0 ⊕ 0)||LA1|
≥ |L||A0||A| = |B|
1/2.
Because BL0 is isotropic and ν is non degenerate, we have that |BL0 |2 = |B|,
as desired. To justify claim assumed above, we will prove that L∩ (A0 ⊕ 0) is
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orthogonal to A0⊕LA1 under µ. Clearly, L∩(A0⊕0) ⊥ A0. Let u ∈ L∩(A0⊕0)
and w ∈ LA1 . Then there exists v ⊕ x ∈ L0 such that (v + w)⊕ x ∈ L. Then,
µ(u,w) = µ(u,w)+µ(u, v) = µ(u,w+v)+ν(0, x) = µ⊕ν(u⊕0, (w+v)⊕x) = 0.
This shows that BL0 is a metabolizing summand of B. The same is true
for BL1 , B
M
0 , and B
M
1 .
Note that the four metabolizers produced in the proof above are all
isomorphic. This follows from the classification of linking forms, specifically
the fact that a linking form splits over the homogeneous p–group components
of the group ([Wal63]). Because of this, we could have performed the above
analysis one homogeneous p–group component at a time, each of which would
split via L and M .
Now, suppose that A and B are homogeneous p–groups with a common
exponent and have ranks 2r and 2s, respectively. Without loss of generality,
we can write
L = 〈(a1, b1), . . . , (at, bt), (0, bt+1), . . . , (0, bt+l), (at+l+1, 0), . . . , (ar+s, 0),
where the bi are linearly independent, and the aj are linearly independent.
Let t′ = r − l. Without loss of generality, we can assume that a1, . . . , at′ ∈ A0
and at′+1, . . . , a2t′ ∈ A1 (by consideration of the ranks of BL0 and BL1 ). Since
ν is non-degenerate, we can assume that, for 0 ≤ i ≤ t′ and t′ + 1 ≤ j ≤ 2t′,
ν(bi, bj) 6= 0 if and only if j = t′+ i (perform change of bases within these rank
t′ summands). Note that B/〈b〉⊥ has rank one for each b ∈ B.
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Clearly, t+ l ≤ 2s, and, in fact, we have that t is even with t/2 + l = r,
i.e., t = 2t′. This claim follows from the ν being non-degenerate; if t/2 < r− l,
there is an element (a2t′+1, b2t′+1) that an be assumed to have the property
that ν(b2t′+1, bi) = 0 for all 0 ≤ i ≤ t′. However, if this were the case,
then 〈b1, . . . , bt′ , b2t′+1, bt+1, . . . , bt+l〉 would have rank r+ 1 and be isotropic, a
contradiction.
It follows that each ai for 0 ≤ i ≤ t is in either A0 or A1. Together
with a similar argument for M , we get that piB(L0 + L1 + M0 + M1) = B.






1 . We can use this to prove a simple
corollary.
Corollary 3.3.8. Let (A, µ, f) and (B, ν, g) be linking triples. If (A, µ, f) and
(A ⊕ B, µ ⊕ ν, f ⊕ g) are both hyperbolic, and if each homogeneous p–group
component of B is at most rank 4, then (B, ν, g) is metabolic.
Proof. Since B is rank 4 and spanned by four metabolizers of rank 2 (by the
comments above), either some pair of the metabolizers are disjoint, or there
is an element b common to each of the four metabolizers. However, the latter
case implies that (0, b) ∈ L∩M , a contradiction. Thus, there is a pair giving a
hyperbolic splitting of (B, ν, g). If B is rank 2, a similar argument works.
Next, we give a counterexample that shows that Corollary 3.3.8 is as
strong as possible, in some sense.
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Example 3.3.9. Let A ∼= Z6p = 〈z1, w1, z2, w2, z3, w4〉 and let B ∼= Z6p =
〈x1, y1, x2, y2, x3, y4〉. Let A0 = 〈z1, z2, z3〉 and A1 = 〈w1, w2, w3〉. With respect














respectively. Consider the splitting A⊕B = L⊕M , where
L = 〈(z1, x1), (z2, x2), (w1, y1), (w2, y2), (0, x3), (w3, 0)〉,
and
M = 〈(z1, y2), (z3, x1), (w1, x2), (w3, y1), (0, y3), (w2, 0)〉.
It is straightforward to check that L ∩ M = 0 and that L + M = A ⊕ B.
Furthermore, it is obvious that µ⊕ ν vanishes on both L and M . Next, notice
that
BL0 = 〈x1, x2, x3〉
BL1 = 〈y1, y2, x3〉
BM0 = 〈x1, y2, y3〉
BM1 = 〈y1, x2, y3〉.
No pair of these metabolizers is disjoint. Define g : B → Q by
g(b) =
{
0 if b ∈ BL0 ∪BL1 ∪BM0 ∪BM1 ,
1 otherwise
.
Define g : B → Q by
f(a) =
{
−g(ba) if a 6∈ A0 ∪ A1,
0 if a ∈ A0 ∪ A1
,
106
Where a 7→ ba its the isomorphism from A to B that sends the zi to the xi
and the wi to the yi.
With this set up, it is clear that (A, µ, f) is hyperbolic and that g :
B → Q is not hyperbolic. It remains to show that f ⊕g : A⊕B → Q vanishes
on L and M . This will imply that (A ⊕ B, µ ⊕ ν, f ⊕ g) is hyperbolic, thus
exemplifying the necessity of the rank restriction in Corollary 3.3.8.
Let l ∈ L∪M with l = (a, b). It suffices to check that f(a) = 0 if b is in
one of the metabolizers listed above and that a 6∈ A0 ∪A1 if b is not in one of
these metabolizers. It is straightforward to check that these criteria are met.
Let K ⊂ S3, and let A = (A, µ, f) be the linking triple associated
to Σ2(K), i.e., A = H1(Σ2(K)), µ is the linking from on A, and f(a) =
d(Σ2(K), sa). Let Apk denote the restriction of this triple to the homogeneous
pk–group component of A. We have shown the following.
Proposition 3.3.10. Let K ⊂ S3 and let A be the associated linking triple.
Suppose that det(K) = |A| = pk11 · · · pknn .
1. If K is smoothly doubly slice, then A is hyperbolic.






Note that (1) is a restatement of Theorem 3.2.2. We will use this result
in Sections 3.6 and 3.7 to help prove Theorems E and F.
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3.4 Heegaard Floer homology
Below, we collect some basic facts about the suite of invariants known
as Heegaard Floer homology. For complete details, see (for example) [OS03a,
OS04a, OS04b]. Throughout, let F denote the field with 2 elements.
3.4.1 3–manifold invariants
Let M be a closed 3–manifold, and let s ∈ Spinc(M) be a torsion
Spinc structure on M . Heegaard Floer homology theory associates to (M, s)
a Z–filtered, Q–graded chain complex CF∞, which is well-defined up to fil-
tered chain homotopy equivalence. This complex is a free, finitely generated
F[U,U−1]–module. The action of U lowers the filtration level by one, and low-
ers the grading by two. Henceforth, if C is any filtered, graded chain complex,
then C{i≤n} denotes the subcomplex consisting of elements of filtration level
at most n.
Denote the associated homology groups by HF∞(M, s). If M is a
rational homology 3–sphere, it turns out that these homology groups are un-
interesting. Let T∞ = F[U,U−1]. Then, for any rational homology 3–sphere
M and any s ∈ Spinc(M), we get HF∞(M, s) ∼= T∞. This means that any
interesting information about (M, s) must be stored at the chain complex level.
Indeed, there are associated sub- and quotient-complexes:
CF−(M, s) = CF∞(M, s){i<0},
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CF+(M, s) = CF∞(M, s)/CF−(M, s)
and
ĈF (M, s) = CF∞(M, s){i≤0}/CF−(M, s).
The corresponding homology groups, HF−(M, s), HF+(M, s) , and
ĤF (M, s) turn out to be very powerful 3–manifold invariants. These groups
are related by two important long exact sequences:
· · · −→ HF−(M, s) ι−→ HF∞(M, s) pi−→ HF+(M, s) −→ · · ·
and
· · · −→ ĤF (M, s) ιˆ−→ HF+(M, s) U−→ HF+(M, s) −→ · · · .
Note that ĤF (M, s) is a finitely generated F-vector space. Define
HFred(M, s) = HF
+(M, s)/Im(pi).
Let T+ = F[U,U−1]/U · F[U ]. If M is a rational homology 3–sphere, we have
the following decomposition:
HF+(M, s) = T+ ⊕HFred(M, s).
It turns out that the grading of the element of lowest grading living in T+,
which we call the tower part of HF+(M, s), is an interesting invariant called
the correction term.
Definition 3.4.1. The correction term (or d–invariant) of (M, s) is denoted
d(M, s) and is given by
min{gr(pi(α)) : α ∈ HF∞(M, s)}.
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The correction term enjoys a number of nice properties, including the
fact that d is a Spinc rational homology cobordism invariant (see [OS03a]):
1. d(M1#M2, s1#s2) = d(M1, s1) + d(M2, s2),
2. d(−M, s) = −d(M, s), where −M denotes M with the opposite orienta-
tion, and
3. d(M, s) = 0 whenever (M, s) = ∂(W, t), where W is a rational-homology
4–ball, and t|∂W = s.
This last property is key in the proof of Theorem 3.2.2.
As mentioned above, there are affine identifications
Spinc(M) ∼= H2(M ;Z),
so a rational homology 3–sphere M will have |H2(M)| correction terms. We
will denote the collection of correction terms associated to M by D(M). When
possible, the group structure of H2(M) will be implicit in our presentation of
D(M). For example, in [OS03a] a formula for the correction terms of lens
spaces is given. In particular,




Example 3.4.2. Consider the case from Section 3.3 when J is unknotted and
n = 5. Then, Y = L(5, 1), and Equation 3.1 tells us that,
D(L(5, 1)) = {1, 1/5,−1/5,−1/5, 1/5}.
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By the additivity of the correction terms, we have the following:
D(L(5, 1)#L(5,−1)) =

0 4/5 6/5 6/5 4/5
−4/5 0 2/5 2/5 0
−6/5 −2/5 0 0 −2/5
−6/5 −2/5 0 0 −2/5
−4/5 0 2/5 2/5 0
 .
Note that implicit in the presentation matrix is the affine identification
Spinc(L(n, 1)#L(n,−1)) ∼= Z5 ⊕ Z5 given by [si, sj] ∼ (i, j). For example, the
correction terms vanish on all elements of the subgroups generated by (1, 1)
and (1, 4) in Z5 ⊕ Z5.
It will sometimes be helpful to write such collections as follows:




0 −2/5 −6/5 −2/5 0
2/5 0 −4/5 0 2/5
6/5 4/5 0 4/5 6/5
2/5 0 −4/5 0 2/5
0 −2/5 −6/5 −2/5 0
 .
The only difference here, is that we have centered our indexing set about zero,
using
{−(p− 1)/2,−(p− 3)/2, . . . ,−1, 0, 1, . . . (p− 3)/2, (p− 1)/2}
to index Zp instead of {0, 1, 2, . . . , p− 1}.
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3.4.2 The surgery exact triangle and 4–dimensional cobordisms
A Spinc–cobordism between two Spinc 3–manifolds induces certain
maps between the Heegaard Floer homology groups associate to the two man-
ifolds. We now turn our attention to some aspects of these induced maps.
LetM be a rational homology 3–sphere, and letK be a null-homologous
knot in M . Let M0 be the result of N–surgery on K, and let M1 be the result
of (N + 1)–surgery on K. This is a special case of a broader context in
which the triple (M,M0,M1) is called a triad. For a discussion relevant to
this subsection, see [OS06]. Implicit in this set up is a triple of cobordisms





Theorem 3.4.3. Let (M,M0,M1) be a triad, then there exist exact triangles
relating their Heegaard Floer homologies:










These maps are induced by the 2–handle cobordisms relating the triad.
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Moreover, the grading shifts associated to these induced maps are given
by the following formula:
gr(F ◦i ) = gr(F
◦
i (x))− gr(x) =
(c1(t))
2 − 2χ(Wi)− 3σ(Wi)
4
.
This set-up can be applied to the 3–manifolds and 4–dimensional cobor-
disms introduced in Section 3.3. Below, we will use these exact triangles to
understand the Heegaard Floer homology of Z (i.e., M1) via the Heegaard
Floer homology of X and Y (i.e., M and M0), which are more tractable, since
they are each realized by surgery on knots in S3.
In addition to this nice set-up, we have two important theorems about
the behavior of these maps on certain types of cobordisms.
Theorem 3.4.4 ([OS03a]). Let W be a cobordism between rational homology
3–manifolds obtained by surgery on a knot such that b+2 (W ) = 0. Then F
∞
W,t
is an isomorphism for all t ∈ Spinc(W ).
The following theorem is implicit in the work of Ozsva´th and Szabo´
[OS03a], and can also be found in [LS04].
Theorem 3.4.5. Let W be a cobordism induced by attaching a 2–handle to a
rational homology 3–sphere, and let t ∈ Spinc(W ). Suppose that W contains
a smoothly embedded, closed, orientable surface Σ with g(Σ) > 0 such that
Σ · Σ ≥ 0 and |〈c1(t), [Σ]〉|+ Σ · Σ > 2g(Σ)− 2.
Then F̂W,t is zero.
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For example, if the 2–handle attachment occurs along a knot with small
genus relative to a large positive framing, the induced map F̂W,t will vanish for
all t ∈ Spinc(W ).
3.4.3 Knot complexes
A rationally null-homologous knot K in M induces a second filtration
on CF∞(M, s), which thus becomes a Z⊕Z–filtered, Q–graded complex, and
is denoted CFK∞(M,K, s). The action of U lowers both filtrations by one,
and lowers the grading by two. For our purposes, the most important aspect of
this complex is that it can be used to determine the Heegaard Floer homology
of surgeries on K.
For a positive integer p, let sm denote the element of Spin
c(S3p(K))
which is Spinc cobordant to the unique Spinc structure on S3 via an element
tm ∈ Spinc(W ) (where W is the 2–handle cobordism induced by p–surgery)
satisfying
〈ci(tm, [S]〉+ p = 2m,
where S denotes a Seifert surface for K, capped off with the core of the 2–
handle. Then the following theorem is stated as in [HLR12], but is originally
proved in [OS04a].
Theorem 3.4.6. Let K be a knot in S3, and suppose that g(K) = g. Let
p ≥ 2g−1. Then for all m satisfying |m| ≤ 1
2
(p−1), there is a chain homotopy
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equivalence of graded complexes over F[U ]:
CF+k (S
3
p(K), sm) ' CFK∞l (M,K, s){max(i,j−m)≥0},
where




Equation 3.1 can be viewed a special case of this (i.e., when K is the
unknot). We make extensive use of this theorem in the calculations required
by the proof in Section 3.6, which can be found in Section 3.5.
One corollary of this set-up is that the correction terms of manifolds
obtained by surgery on knots can be compared to those of lens spaces. We refer
the reader to [NW10, NW12] for a nice development. In short, by considering
CFK∞(S3, K), one can define two sequences of nonnegative integers Vk, Hk
for k ∈ Z satisfying
Vk = H−k, Vk ≥ Vk+1 ≥ Vk − 1, Vg(K) = 0.
It turns out that the correction terms of surgeries on K are determined by
these integers.
Theorem 3.4.7. Let K be a knot in S3. Then,
d(S3p(K), i) = d(L(p, 1), i)− 2 max{Vi, Hi−p}.
3.5 Knot Floer complex calculations
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The goal of this section is to perform the correction term calculations
required by the proof in Section 3.6. Throughout, we will let J = #kK be
the connected sum of m copies of K, where K will always be one of three
knots: the unknot; the right-handed trefoil, T2,3; or the positive, untwisted
Whitehead double of the right-handed trefoil, D. Let X = S3n(J#J) and
Y = S3n2+n(J#J#Tn,n+1); throughout, n will be a positive odd number. The
following facts are collected from two theorems of Hedden, Kim, and Livingston
[HKL12, Proposition 6.1, Theorem B.1], and are the basis what follows. We
will work with coefficients in F2 throughout.
Theorem 3.5.1 ([HKL12]).
1. The chain complex CFK∞(S3, D) is chain homotopy equivalent to
CFK∞(S3, T2,3)⊕A, where A is an acyclic subcomplex.
2. The chain complex CFK∞(S3,#mT2,3) ' CFK∞(S3, T2,3)⊗m is chain
homotopy equivalent to CFK∞(S3, T2,2m+1)⊕A′, where A′ is an acyclic
subcomplex.
First, we calculate the correction terms for X when m = 2k, the case
relevant to our discussion. Recall that the affine identification Spinc(X) ∼= Zn
gives rise to a natural indexing of si ∈ Spinc(X), where |i| ≤ (n− 1)/2. This
symmetry of this indexing is advantageous, and will be used here. Let D(X)
denote the collection of correction terms associated to X, i.e.,




), . . . , d(X, s−1), d(X, s0), d(X, s1), . . .
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Lemma 3.5.2. Let X = S3n(#2kK), where K is T2,3 or Wh
+(T2,3, 0). Then,
D(L(n, 1))−D(X) is given by
{0, . . . , 0, 2, 2, 4, 4, . . . , 2k− 2, 2k− 2, 2k, 2k, 2k, 2k− 2, 2k− 2, . . . , 4, 4, 2, 2, 0, . . . , 0}.
Of course, if K is the unknot, then D(X) = D(L(n, 1)).
Proof. By combining parts (1) and (2) of Theorem 3.5.1, we get that
CFK∞(S3,#mD) ' CFK∞(S3,#mT2,3)⊕A′′ ' CFK∞(S3, T2,2m+1)⊕A′′′.
The acyclic pieces can contribute to the homology of HF+(X), but these
contributions are confined to HFred(X) and will not affect the correction term
calculations. It follows that d(X, si) = d(S
3
n(T2,2m+1), si) for all |i| ≤ (n−1)/2.
The complex C = CFK∞(S3, T2,2m+1) can be easily obtained from the
Alexander polynomial ∆T2,2m+1(t), since T2,2m+1 is an alternating L-space knot
[OS03b], and is shown in Figure 3.5.1. Its basic building block (which we call
a germ) can be seen in Figure 3.5.1. One way to characterize which piece
of the total complex is the germ G is to say that G is contained in the first
(i, j)–quadrant, but UG is not. The total complex is obtained by taking Z
copies of G, which are related by U–translation, i.e., C = unionsqz∈ZU zG.
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(a) (b)
Figure 3.5.1: Portions of the complex CFK∞(S3, T2,2m+1) is shown above for
(a) m = 4 and (b) m = 6. The germ of each complex is shown in red.
There is a simple way to calculate Vl = Vl(T2,2m+1) in this case. Con-
sider the subcomplex C{max(i,j−l)≥0}. Then,
Vl = max{z : U zG ∩ C{max(i,j−l)≥0} = ∅}.
See, for example, Figure 3.5.2. With this in mind, it is now easy to see that
{Vl(T2,2m+1)}l≥0 =
{
{k, k, k − 1, k − 1, . . . , 2, 2, 1, 1, 0, . . .} if m = 2k,
{k, k − 1, k − 1, . . . , 2, 2, 1, 1, 0, . . .} if m = 2k + 1,
where each value less than k appears twice in each list, and the infinite tails
each consists of zeros. If we recall that Hl = V−l, then Theorem 3.4.7 completes
the proof.
Let Lk denote the list of even integers given in Lemma 3.5.2, but with
each value halved, and consider the bijection between Lk and Z where the
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(a) (b)
Figure 3.5.2: (a) The calculation showing that V1(T2,9) = 2. (b) The calcula-
tion showing that V0(T2,13) = 3.
central k corresponds to zero and the values to the left and right correspond
to the negative and positive integers, respectively. Let Ltk denote a truncated
version of Lk where the value of any term in L
t
k corresponding to an integer less
than −t is set to zero. Let Ltk(x) represent the element of Ltk corresponding
to x ∈ Z. For example,
L3 = {. . . , 0, 0, 1, 1, 2, 2, 3, 3, 3, 2, 2, 1, 1, 0, 0 . . .},
L13 = {. . . , 0, 0, 0, 0, 0, 0, 3, 3, 3, 2, 2, 1, 1, 0, 0 . . .},
L33 = {. . . , 0, 0, 0, 0, 2, 2, 3, 3, 3, 2, 2, 1, 1, 0, 0 . . .},
and L13(−1) = 3. We will make use of these truncated lists later.
Our next task is to give a calculation for the correction terms of Y . To





Figure 3.5.3: The complexes (a) CFK∞(S3, T2,3) and (b) CFK∞(S3, D) are
shown with gradings; the three chains adjacent to the star have gradings
−2,−2, and −1.
Lemma 3.5.3. Let n = 2d+ 1 for d ∈ N. Then, {Vl(Tn,n+1)}l≥0 is given by
{ Tr(d), T r(d), . . . T r(d), T r(d)-1, T r(d)-2, . . . , T r(d-1)+2, T r(d-1)+1,
T r(d-1), T r(d-1), . . . T r(d-1), T r(d-1)-1, T r(d-1)-2, . . . , T r(d-2)+2, T r(d-2)+1,
T r(d-2), T r(d-2), . . . T r(d-2), T r(d-2)-1, T r(d-2)-2, . . . , T r(d-3)+2, T r(d-3)+1,
...
3, 3, 3, . . . , . . . , 3, 3, 2,
1, 1, 1, . . . , . . . , 1, 1, 1,
0, 0, 0, . . . , },
where Tr(k) denotes the kth triangular number.
To clarify, the above list has been displayed so as to make the pattern of
its elements more clear. On the ith line, the value Tr(d−i+1) appears d+i+1
times, followed by sequential decreases by 1, until the next triangular number
is hit, which begins a new line. The tail of the list is all zeros. We will refer to
the first appearance of each triangular number (i.e., the first element of each
line) as a pivot. These pivots occur when l is a multiple of n and correspond
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(a) (b)
Figure 3.5.4: (a) The complex CFK∞(S3, Tn,n+1); here n = 5. The calculation
showing that V4(T5,6) = 2.
to the cycles in the germ G of CFK∞(S3, Tn,n+1) (see Figure 3.5.4).
Proof. As noted in [HKL12], C = CFK∞(S3, Tn,n+1) has germ G as shown in
red in Figure 3.5.4(a). The total complex is obtained by taking Z copies of
this germ, which are related by U–translation, i.e., C = ∪z∈ZU zG. As in the
proof of Lemma 3.5.2, the Vl = Vl(Tn,n+1) are given by
Vl = max{z : U zG ∩ C{max(i,j−l)≥0} = ∅}.
See for example, Figure 3.5.4(b). Putting all this together, it is easy to see
that {Vl}l≥0 is as claimed.
Lemma 3.5.3 gives us a basis to understand the correction terms for
surgeries on J#J#Tn,n+1. To continue, we need to understand how the knot
chain complex for Tn,n+1 changes under connected sum with K.
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Lemma 3.5.4. After a filtration-preserving change of basis,
CFK∞(S3, J#J#Tn,n+1) = Csum ⊕A,
where a germ for Csum is made up of the the characteristic pieces shown in
Figure 3.5.6, and A is an acyclic subcomplex.
Proof. Recall that CFK∞(S3, J#J) ' CFK∞(S3, T2,2m+1) ⊕ A, by Theo-
rem 3.5.1. It follows that CFK∞(S3, J#J#Tn,n+1) ' CFK∞(S3, Tn,n+1) ⊗
CFK∞(S3, T2,2m+1)⊕A. (Here use A to represent potentially different acyclic
subcomplexes.) To see that this tensor product has the desired form, we need
three pictorial lemmas, shown in Figure 3.5.5. All three parts show a chain
homotopy equivalence achieved via a filtration preserving change of basis. Con-
sider Figure 3.5.5(a), and denote the chains by a1, . . . , a2m+1, b1, . . . , b2m+1, and
c1, . . . , c2m+1 (i.e., bi 7→ ai + ci). The double arrows mean that there should be
an arrow between each pair of vertically or horizontally aligned chains. The
pertinent change of basis is:











for odd k. (Note that the indexing variables i, j, and k used here are not
related to the uses of i, j, and k used elsewhere; in particular, i and ni are
not related here.) The third condition on each summation guarantees that
this change of basis is filtration preserving. Note that any vertical arrows







Figure 3.5.5: The three filtered chain homotopy equivalences used in the proof
of Lemma 3.5.4. Each is obtained by a filtration-preserving change of basis.
123
since the chains in these groups are unchanged. The result is that the only
arrows from the b–group to either the a–group or the c–group will go from bk
with odd k to ai and cj with odd i and odd j. Parts (a) and (b) of Figure
3.5.6 show the possible results of this local change of basis on the germ of
CFK∞(S3, J#J#n,n+1). In (a), the a and b pieces overlap; in (b) they do
not.
Next, Figure 3.5.5(b) corresponds to the filtration preserving change of
basis given by






for odd k, and







Finally, Figure 3.5.5(c) corresponds to the filtration preserving change
of basis given by
ak 7→ ak + c1,
for odd k ≥ 3,





for even k, and







Figure 3.5.6: Three characteristic pieces of the complex CTn,n+1 .
for odd k > 2. See also Figure 3.5.6(c).
By applying these three types of change of basis, we see that
CFK∞(S3, J#J#Tn,n+1) = Csum⊕A, where the characteristic pieces of Csum
are shown in Figure 3.5.6. In other words, connected summing Tn,n+1 with
J#J introduces a stepping pattern at every joint (i.e., the cycles) of the germ
of CFK∞(S3, Tn,n+1), except the first and last, where the germ simply extends
by m.





k (l) if 0 ≤ l ≤ n(n−1)2 ,
1 if n(n−1)
2





+ k < l,




] is the mod n reduction of l, and t(l) = n−3
2
− a if






Proof. Lemma 3.5.4 tells us that the germ of CFK∞(S3, J#J#Tn,n+1) is given
locally as in Figure 3.5.6. Forming the connected sum changes the complex for
Tn,n+1 by introducing a stepping pattern at each joint. It is straightforward to
see the effect of this on the Vl(Tn,n+1). For each joint, one simply superimposes
a copy of Ltk over {Vl(Tn,n+1)}≥0, with Lk(0) centered over the l corresponding
to the joint. If Csum looks locally like Figure 3.5.6(a) at the joint (i.e., there is
some overlap), then we use Ltk where t− 1 is the amount of overlap (in Figure
3.5.6(a), the overlap shown is 3). If Csum looks locally like Figure 3.5.6(b) at
the joint (i.e., there is no overlap), then Ltk = Lk (i.e., there is no truncation).
To clarify, {Vl(Tn,n+1)}≥0 is shown below, with the pivots highlighted
in red. These pivots correspond to the joints of CFK∞(S3, Tn,n+1). In Csum,
each such joint has been tensored with the germ for CFK∞(S3, T2,2m+1) and
looks locally as in Figure 3.5.6. By considering these local pictures, we can see
that Vl = Vl(J#J#Tn,n1) will have the value claimed, because the introduction
of the stepping pattern corresponds precisely to adding L
t(l)
k (l) to Vl.
{ Tr(d), T r(d), . . . T r(d), T r(d)-1, T r(d)-2, . . . , T r(d-1)+2, T r(d-1)+1,
T r(d-1), T r(d-1), . . . T r(d-1), T r(d-1)-1, T r(d-1)-2, . . . , T r(d-2)+2, T r(d-2)+1,
T r(d-2), T r(d-2), . . . T r(d-2), T r(d-2)-1, T r(d-2)-2, . . . , T r(d-3)+2, T r(d-3)+1,
...
3, 3, 3, . . . , . . . , 3, 3, 2,
1, 1, 1, . . . , . . . , 1, 1, 1,
0, 0, 0, . . . , },
Now that we have calculated {Vl(J#J#Tn,n+1)}l≥0, it is straightfor-
ward to calculate the correction terms for Y .
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Corollary 3.5.6. Let K be T2,3 or D, let J = #kK, and let
Y = S3n2+n(J#J#Tn,n+1). Then,
D(L(n, 1)#L(n+ 1,−1))−D(Y )
is given by





































0 · · · 0 0 0 0 0 0 0 0 0 0 0 0 0 · · · 0 0 0 · · · 0
2 · · · 2 2 0 0 0 0 0 0 0 2 2 2 2 · · · 2 2 2 · · · 2
2 · · · 2 2 2 0 0 0 0 0 0 2 2 2 2 · · · 2 2 2 · · · 2
4 · · · 4 4 4 2 0 0 0 0 0 4 4 4 4 · · · 4 4 4 · · · 4
















2k · · · 2k 2k 2k · · · 2k 2k 2 0 0 2k 2k 2k 2k · · · 2k 2k 2k · · · 2k
2k · · · 2k 2k 2k · · · 2k 2k 2k 2 0 2 2k 2k 2k · · · 2k 2k 2k · · · 2k
















4 · · · 4 4 4 · · · 4 4 4 4 0 0 0 0 2 4 4 4 4 · · · 4
4 · · · 4 4 4 · · · 4 4 4 4 0 0 0 0 0 2 4 4 4 · · · 4
2 · · · 2 2 2 · · · 2 2 2 2 0 0 0 0 0 0 2 2 2 · · · 2
2 · · · 2 2 2 · · · 2 2 2 2 0 0 0 0 0 0 0 2 2 · · · 2



















0 · · · 0 0 0 · · · 0 0 0 0 0 0 0 0 0 0 0 0 0 · · · 0

,










This matrix, M is not as complicated as it looks. It is a (n× (n+ 1))–
matrix, with zeros along the right off-diagonal. If the first column is removed,
it is rotationally symmetric. Think of M as the union of its diagonals. Every
diagonal (other than the middle three) is simply a copy of (twice) Ltk, where t is
the displacement (left or right) from the center three diagonals. For example,
if we consider the diagonal directly to the left of the middle three diagonals,
we see a copy of (twice) L1k that emanates towards the northwest.
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Proof. The matrix presentation for D(L(n, 1)#L(n + 1,−1)) −D(Y ) follows
from Lemma 3.5.5 in light of the following remark. Knowing Vl(J#J#Tn,n+1)
allows us to calculate d(Y, sl), but in the matrix above, we have given d(Y, [si, sj]),
which uses the enumeration of Spinc structures introduced in Subsection 3.3.4.
This correspondence is given by l = n(n+1)
2
+(n+1)i−nj, where l, i, and j are
all taken to be centered about zero. This identification maps the subgroup gen-
erated by n+ 1 ∈ Zn2+n to the subgroup generated by (1, 1) ∈ Zn⊕Zn+1.
There is a slight issue related to our choice of identification. In fact,
there are four different identifications we could have chosen, each of which is
related to the others by negating i, j, or both. The following lemma proves
that these are the only four identifications that we should concern ourselves
with, since any other identification will not preserve the equivalence class of
the correction terms modulo 2.
Even if we are content with only these four identifications, we need
to note that a different choice of identification changes our labeling of the
correction terms. We have introduced an indeterminacy in which we cannot
distinguish i from −i or j from −j in our labelings. Fortunately, this does not
affect the proofs of Theorem E and F.
Lemma 3.5.7. Let l = n(n+1)
2
+ (n+ 1)i− nj. Then,
d(S3n2+n(J#J#Tn,n+1), l) ≡ d(L(n, 1), i)− d(L(n+ 1, 1), j) (mod 2).
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Proof. By the integer surgery formula, we see that
d(S3n2+n(Tn,n+1), l) ≡ d(L(n2 + n, 1), l) (mod 2).
Let k = j − i, then it is straightforward to show that





− (2j − (n + 1))
2 − (n + 1)
4(n + 1)
= k2 − k.
From this, it follows that d(L(n2 + n, 1), l) ≡ d(L(n, 1), i) − d(L(n +
1, 1), j) (mod 2) and that
d(S3n2+n(Tn,n+1), l) ≡ d(L(n, 1), i)− d(L(n+ 1, 1), j) (mod 2).
Furthermore, it is easy to see that d(L(p, 1), a) ≡ d(L(p, 1), b) (mod 2)
if and only if b = p− a, assuming 0 ≤ a < b < p. Thus, for any Y obtained by
surgery on a knot in S3, we know that d(Y, a) = d(Y, b) if and only if b = a or
p − a. In other words, the equality of two correction terms is determined by
their mod 2 equivalence class for such 3–manifolds. This implies that
d(S3n2+n(Tn,n+1), l) = d(L(n, 1), i)− d(L(n+ 1, 1), j).
To complete the proof, we simply note that Vl(J#J#Tn,n+1) ≡ Vl(Tn,n+1)
(mod 2), by Lemma 3.5.5.
Descriptions of the germs for the total complexes CFK∞(S3,#mT2,3)
and CFK∞(S3,#mD) are given in Figure 3.5.8. These presentation follow
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'⊗
Figure 3.5.7: The filtered chain homotopy equivalence shown above is a
straightforward exercise.
from Theorem 3.5.1, the pictorial lemma shown in Figure 3.5.7, and induction.
The proof of this pictorial lemma is straightforward. Note that in Figure 3.5.8
each acyclic square shown is meant to represent a multitude of overlying acyclic
squares, but the gradings are controlled.
Here is how the gradings behave in Figure 3.5.8. In (a), the gradings are
as shown, and overlaid squares have the same gradings as the representative
shown. In (b), for each collection of overlaid squares, the maximally graded
representative is shown, and there are m + 1 different possible gradings. For
example, consider the bottom-left square in the right part of (b). This square
represents many squares, each of which has as its bottom-left corner a chain
with grading in {−m,−(m+ 1),−(m+ 2), . . . ,−2m}.
We are now prepared to prove one final property about HF+(Y ′), which
we will need in order to complete the proof in Section 3.6.
Lemma 3.5.8. Let Y = S3n2+n(J#J#Tn,n+1), and let ξ ∈ HFred(Y, [si, sj]).
Then






























Figure 3.5.8: Germs for the total complexes of (a) CFK∞(S3,#mT2,3) and
(b) CFK∞(S3,#mD). Note that each square above is meant to represent a
multitude of overlaid squares. In (a), gradings of overlaid squares match up
and are as shown. In (b), gradings in overlaid squares may be lower than
shown. (See text.)
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Proof. Let C = CFK∞(S3, J#J#Tn,n+1), let C1 = CFK∞(S3, J#J), and
let C2 = CFK∞(S3, Tn,n+1), so C = C1⊗C2. Let G,G1, and G2 be the germs
for C,C1, and C2, respectively. Let ξ ∈ HFred(Y, [si, sj]), and let c ∈ C be
any chain such that [c] = ξ.
Let c′ ∈ C be any chain such that [c′] is the element of lowest grading
in Ti,j(Y ), so gr(c
′) = gr(Ti,j(Y )). Let G′ = U z
′
G be the germ containing c′,
where z′ ∈ Z. Any chain in ∪e>0U eG′ that is not homologous to a U–translate
of c′ is not a cycle. To see this, simply observe that H∗(∪e>0U eG′) ∼= T+, and
is generated by U–translates of [c′].
Suppose that c ∈ U zG for some z ∈ Z. Since c is a cycle and not
homologous to a U–translate of c′, we see that z ≥ z′. Let c′′ = U z′−zc, so
c′′ ∈ G′, and let c′′ = c1 ⊗ c2 with c1 ∈ G1 and c2 ∈ U z′G2. Note that
0 = ∂c′′ = ∂(c1 ⊗ c2) = ∂c1 ⊗ c2 + c1 ⊗ ∂c2.
It follows that c1 and c2 are both cycles
By considering Figure 3.5.8, we see that any cycle in G1 has nonpositive
grading. Furthermore, any cycle in U z
′
G2 has grading −2z′. Let c′ = c3 ⊗ c4,
where c3 ∈ G1 and c4 ∈ U z′G2. Since [c′] is the element of lowest grading in
Ti,j(Y ) it follows that gr(c
3) = 0 and gr(c4) = −2z′.
It follows that gr(c) ≤ gr(c′′) ≤ gr(c′), as desired.
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3.6 Proof of Theorem E
In this section, we prove the following proposition, whose corollary,
together with Corollary 3.3.5, implies Theorem E. Recall the geometric set-up
from Section 3.3. In particular, let Zp,kp be the double branched cover of the
knot Kp,kp .
Proposition 3.6.1. The difference D(L(p, 1)#L(p,−1)) − D(Zp,kp) is given
by the following matrix.



















0 · · · 0 0 0 0 0 0 0 0 0 0 0 0 · · · 0 0 · · · 0
2 · · · 2 0 0 0 0 0 0 0 2 2 2 2 · · · 2 2 · · · 2
2 · · · 2 2 0 0 0 0 0 0 2 2 2 2 · · · 2 2 · · · 2
4 · · · 4 4 2 0 0 0 0 0 4 4 4 4 · · · 4 4 · · · 4














2kp · · · 2kp 2kp · · · 2kp 2kp 2 0 0 2kp 2kp 2kp 2kp · · · 2kp 2kp · · · 2kp
2kp · · · 2kp 2kp · · · 2kp 2kp 2kp 2 0 2 2kp 2kp 2kp · · · 2kp 2kp · · · 2kp














4 · · · 4 4 · · · 4 4 4 4 0 0 0 0 2 4 4 4 · · · 4
4 · · · 4 4 · · · 4 4 4 4 0 0 0 0 0 2 4 4 · · · 4
2 · · · 2 2 · · · 2 2 2 2 0 0 0 0 0 0 2 2 · · · 2
2 · · · 2 2 · · · 2 2 2 2 0 0 0 0 0 0 0 2 · · · 2

















0 · · · 0 0 · · · 0 0 0 0 0 0 0 0 0 0 0 0 · · · 0

.
This matrix presentation makes use of the affine identification
Spinc(Zp,kp)
∼= H2(Zp,kp) ∼= Zp ⊕ Zp, where (i, j) ∈ Zp ⊕ Zp is such that
|i|, |j| ≤ p−1
2
. There is an indeterminacy present that must be discussed. In Ap-
pendix 3.5, the calculation of the correction terms for Y = S3p2+p(J#J#Tp,p+1)
(with J = #kpD) is done in a way that forgets the explicit identification of
Spinc(Y ) ∼= H2(Y ) ∼= Zp⊕Zp+1. Thus, we lose track of the difference between
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j and −j in Zn+1 and between i and −i in Zn. As a consequence, when re-
garding the matrix above, we must consider it only up to horizontal reflection
about the central column and vertical reflection about the central row. This
indeterminacy is inconsequential in what follows. In particular, the following
corollary holds.
Corollary 3.6.2. The manifold Zp,kp has precisely 2p − 2kp − 1 vanishing
correction terms. Therefore, Kp,kp is not smoothly doubly slice. Moreover, the
Kp,kp are nontrivial in CD.
Proof. The corresponding (p × p)–matrix for D(L(p, 1)#L(p,−1)) has zeros
along the two (orthogonal) diagonals and non-integer rational numbers else-
where. It is easy to see that precisely 2kp of these 2p− 1 vanishing entries will
be lowered by a nonzero amount. Since any entry off these diagonals is not
an even integer, no new zeros will be created. Therefore, Zp,kp has precisely
2p−2kp−1 vanishing correction terms. By Theorem 3.2.2, this implies that the
Kp,kp are not smoothly doubly slice. In fact, by Proposition 3.3.10, this implies
that each Kp,kp is not even smoothly stably doubly slice, since det(Kp,kp) = p
2.
Therefore, each Kp,kp represents a nontrivial element in CD.
3.6.1 Notation and set-up
LetX = S3n(K), and let [si] ∈ Spinc(X) be the enumeration of Spinc(X)
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Note that here and throughout, subscripts will correspond to the labelings
of Spinc structures on the manifolds. Theorem 3.4.6 implies that, for any
x ∈ T∞i (X),
gr(x) ≡ d(L(n, 1), i) (mod 2)
for all i ∈ Zn. Let x¯∞i denote the element in T∞i (X) such that
gr(x¯∞i ) = d(L(n, 1), i).
Let Y = X−n−1(K) for a null homologous knot K in X, and let [si, sj] ∈













Let F∞W1,[si,tm] : HF
∞(X, si) → HF∞(Y, [si, sj]) be the map induced
by (W1, [si, tm]), as in Subsection 3.4.2. Since W1 is negative definite, we can







(n+ 1)− (2m+ (n+ 1))2
4(n+ 1)
for each i ∈ Zn. In general, if F is any graded map between graded abelian
groups, we denote the grading shift of F by gr(F ).
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Lemma 3.6.3. For all i ∈ Zn and j ∈ Zn+1, let y be any element in T∞i,j(Y ),
then
gr(y) ≡ gr(L(n, 1), i)− gr(L(n+ 1, 1), j) (mod 2).
Proof. The fact that F∞W1,[si,tm] is an isomorphism, and the labeling of Spin
c
structures, implies that F∞W1,[si,tm](x
∞
i ) ⊂ T∞i,j if and only if m ≡ j (mod n+1).
Let m = −j, then, since all elements in T∞i,j can be obtained from each other








≡ gr(x¯∞i ) + gr(F∞W1,[si,t−j ])
≡ d(L(n, 1), i)− d(L(n+ 1, 1), j)
Let y¯∞i,j denote the element in T
∞
i,j(Y ) satisfying
gr(y¯∞i,j) = d(L(n, 1), i)− d(L(n+ 1, 1), j).





given by the following lemma. Note that F∞1 is not a well-defined map to
HF∞(Y ), since its image will generally consist of infinite sums of elements in
HF∞(Y ). The important fact for us is that all but finitely many of the terms
will have coefficients that are large powers of U .
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Lemma 3.6.4. Let the x¯∞i and y¯
∞
i,j be defined as above. Then, for all i ∈ Zn,
F∞1 (x¯
∞




i,2 + · · ·+ y¯∞i,n) + U(y¯∞i,1 + y¯∞i,n) + U2(y¯∞i,2 + y¯∞i,n−1) + · · · ,
where the expression continues indefinitely with increasing positive powers of
U as coefficients.
Proof. The proof of this lemma is a simple examination of gr(F∞W1,[si,tm]) as m
varies over the integers. The powers of U in the tail follow a growth pattern
that depends quadratically on n in a simple way, but will not be relevant in
what follows.
Continuing, let Z be obtained from Y by blowing down a meridian, as in
Subsection 3.3.3, let W2 be the induced cobordism, and let [si, sk] ∈ Spinc(Z)













Let F∞W2,[si,rm] : HF
∞(Y, [si, sj])→ HF∞(Z, [si, sk]) be the map induced










n(n+ 1)− (2m+ n(n+ 1))2
4n(n+ 1)
for each i ∈ Zn and j ∈ Zn+1.
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Lemma 3.6.5. Let z be any element in T∞i,k(Z), then
gr(z) ≡ gr(L(n, 1), i)− gr(L(n, 1), k) (mod 2)
for all i ∈ Zn and k ∈ Zn.
Proof. This proof is identical to that of Lemma 3.6.3.
Let z¯∞i,k denote the element in T
∞
i,k(Z) satisfying
gr(z¯∞i,k) = d(L(n, 1), i)− d(L(n, 1), j).





in an analogous way to Lemma 3.6.4. From this point on, we will index
H1(X) ∼= Zn, H1(Y ) ∼= Zn⊕Zn+1, and H1(Z) ∼= Zn⊕Zn by i, (i, j), and (i, k)
(respectively), such that −n−1
2




≤ j ≤ n−1
2
.
Lemma 3.6.6. Let the y¯∞i,j and z¯
∞






















3(z¯∞i,j−2) + · · · ,














i,j+2) + · · · ,
for |j| > 1. The expressions continue indefinitely with increasing positive
powers of U as coefficients.
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Proof. This proof is the same as that of Lemma 3.6.4.
Let pi : HF∞(M, s)→ HF+(M, s), be the natural projection map. Let
x¯+i = pi(x¯
∞




i,k similarly. Analogous to the discussion







as well as similar decompositions corresponding to Y and Z. Note that we are
not claiming that x¯+i is nonzero in T
+
i (X). Similarly, it may be that y¯
+
i,j and










3.6.2 Proof of Proposition 3.6.1
With this notational set-up, we recall that the triad (X, Y, Z) intro-
duced in Section 3.3 induces certain long exact sequence (discussed in Section
3.4), which will be used below in the proof of Proposition 3.6.1.
Let J = #kpD, so X = S
3
p(J#J), Y = S
3
p2+p(J#J#Tp,p+1), and
Z = Zp,kp = Σ2(I#kpD,p). The calculations made in Appendix 3.5 give us
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the correction terms for X and Y . In particular, Lemma 3.5.2 tells us that
D(L(p, 1))−D(X) is given by
~w = {0, . . . , 0, 2, 2, 4, 4, . . . , 2kp−2, 2kp−2, 2kp, 2kp, 2kp, 2kp−2, 2kp−2, . . . , 4, 4, 2, 2, 0, . . . , 0},
where 2wi is the value of the i
th coordinate of ~w for i ∈ Z with our
symmetric labeling.
Let x∞i = U
wix¯∞i , and let pi(x
∞
i ) = x
+
i . It follows that x
+
i is the element
of lowest grading in T+i (X), i.e., gr(x
+
i ) = d(X, si). Similarly, by Corollary
3.5.6, D(L(n, 1)#L(n + 1,−1)) − D(Y ) is given by the matrix M = (2mi,j),
which has the following form:



















0 · · · 0 0 0 0 0 0 0 0 0 0 0 0 0 · · · 0 0 0 · · · 0
2 · · · 2 2 0 0 0 0 0 0 0 2 2 2 2 · · · 2 2 2 · · · 2
2 · · · 2 2 2 0 0 0 0 0 0 2 2 2 2 · · · 2 2 2 · · · 2
4 · · · 4 4 4 2 0 0 0 0 0 4 4 4 4 · · · 4 4 4 · · · 4
















2kp · · · 2kp 2kp 2kp · · · 2kp 2kp 2 0 0 2kp 2kp 2kp 2kp · · · 2kp 2kp 2kp · · · 2kp
2kp · · · 2kp 2kp 2kp · · · 2kp 2kp 2kp 2 0 2 2kp 2kp 2kp · · · 2kp 2kp 2kp · · · 2kp
















4 · · · 4 4 4 · · · 4 4 4 4 0 0 0 0 2 4 4 4 4 · · · 4
4 · · · 4 4 4 · · · 4 4 4 4 0 0 0 0 0 2 4 4 4 · · · 4
2 · · · 2 2 2 · · · 2 2 2 2 0 0 0 0 0 0 2 2 2 · · · 2
2 · · · 2 2 2 · · · 2 2 2 2 0 0 0 0 0 0 0 2 2 · · · 2



















0 · · · 0 0 0 · · · 0 0 0 0 0 0 0 0 0 0 0 0 0 · · · 0

Note that the values in the ith row ofM are bounded above by 2wi. (Remember
that the rows are labeled by Zn symmetrically about zero, and the columns
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are labeled by Zn+1 by j ∈ [−n+12 , n−12 ]). We remark again that the calculation
given in the proof of Corollary 3.5.6 introduces an indeterminacy regarding our
presentation of the correction terms. Namely, we cannot distinguish between
i and −i and j and −j in the present labeling. This indeterminacy is merely
notational and will not affect the results.
Let y∞i,j = U




i,j). It follows that y
+
i,j is the
element of lowest grading in T+i,j(Y ), i.e., gr(y
+
i,j) = d(Y, [si, sj]). With this
notational set-up, we can prove the following lemma about the map F+1 :
HF+(X)→ HF+(Y ).
Lemma 3.6.7. Let x+i ∈ Ti(X) and y+i,j ∈ T+i,j(Y ) be elements of lowest







where Ii = {j 6= 0 : mi,j = wi}.









where U(y¯∞i,j) represents the terms that are positive U–translates of the y¯
∞
i,j.
By U–equivariance, we have
F∞1 (x
∞






Uwi y¯∞i,j + U
wiU(y¯∞i,j).
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where the tail has vanished, by U–equivariance. By definition, we have Uwi y¯+i,j =
Uwi−mi,jy+ij , and this term will be nonzero if and only if wi ≤ mi,j. This can
only happen if wi = mi,j, since, as we noticed above, mi,j ≤ wi.
Note that |Ii| ≥ p+12 for each i; so, in particular, F+1 (x+i ) is a linear
combination of at least p+1
2
terms for each i. One consequence of this is that
y+i,j is not in the image of F
+
1 for any i, j.
Let z+i,j denote the element of lowest grading in T
+






for some nonnegative integer ci,k. If we can show that ci,j = 0 for all i, k, we will
have proved Proposition 3.6.1, because we will have shown that z∞i,k = U
mi,k z¯∞i,k.
This is accomplished by the following lemma. Recall the natural inclusion map
ιˆ : ĤF (Z)→ HF+(Z).
Lemma 3.6.8. Let z+i,k be the element of lowest grading in T
+
i,k(Z), and let











Proof. Let zˆ ∈ ĤF (Z) such that ιˆ(zˆ) = z+i,k. By Theorem 3.4.5, we know that
F̂3(zˆ) = 0. (Recall that −W3 is induced by (−p)–surgery on a knot of genus
2kp with p > 4pk−1, see Subsection 3.3.5.) By the exactness at ĤF (X), there
exists some yˆ ∈ ĤF (Y ) such that F̂2(yˆ) = zˆ. Now, yˆ may not be homogeneous,
so write yˆ =
∑
a yˆa, where each yˆa is homogeneous and in ĤF (Y
′, [si, sja ]). By


















































This implies the desired equality once we recall that









3.7 Proof of Theorem F
In this subsection, we give a reformulation of one of the invariants
introduced in [GRS08] for the study of double concordance of knots and use
it to find an infinitely generated subgroup in kerψD.
Let A be a finite abelian group, so A can be written as the product of
cyclic groups. Let rp,k(A) denote the number of copies of Zpk in the decompo-
sition of A. Let rp(A) =
∑∞
k=1 rp,k(A). In other words, any generating set for
A must contain at least rp(A) elements of order p
k for some k ∈ N.
The following definition differs from [GRS08] only in the use of rp(A).
Definition 3.7.1. LetK be a knot in S3 and let p ∈ N be a positive prime. Let
M = Σ2(K). Fix an affine identification between Spin
c(M) and A = H2(M ;Z)
such that the unique spin structure s0 gets identified with zero in A. Let Gp







∣∣∣∣∣∣ : nH ≥ 0 for all H,at least rp(A) of the nH are nonzero

if p divides det(K) and
Dp(K) = 0




The proof of the following theorem is essentially given in [GRS08], but
is formulated here for double concordance.
Theorem 3.7.2. Let K ⊂ S3 be a knot and p ∈ N a positive prime. If there
is a positive n ∈ N such that #nK is smoothly doubly slice, then Dp(K) = 0.
Proof. Suppose that J = #nK is smoothly doubly slice. Let N = Σ2(J) =
#nΣ2(K). The identification of Spin
c(Σ2(K)) with A gives an identification
of Spinc(N) with An. By Theorem 3.2.2, there exists subgroups G and H in
An such that G⊕H = An, G ∼= H, and G ∩H = {0}.
Assume without loss of generality that p divides det(K), and let r =
rp(A). Projection onto the first coordinate pi : A
n → A is onto, so pi(G) +
pi(H) = A. Let a1, . . . , ar be linearly independent generators of A of p–power
order such that pi−1(ai)∩(G∪H) is nonempty. Let g′i ∈ pi−1(ai)∩(G∪H), then
|g′i| = pkiq for some positive q ∈ Z relatively prime to p. Let gi = qpki−1g′i.
Then {g1, . . . , gr} is a collection elements of order p in G∪H. Furthermore, the
elements of {pi(g1), . . . , pi(gr)} are linearly independent in A, so, as elements
of Gp, 〈gi〉 = 〈gj〉 if and only if i = j. Let gi = (g1i , . . . , gni ) for i = 1, . . . , r.
By Theorem 3.2.2, d(N, x) = 0 for all x ∈ G ∪ H. Let f : A → Q be
given by f(x) = d(N, x), and let f (n) : An → Q be given by f(x1, . . . , xn) =
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f(x1) + · · ·+ f(xn). Since 〈gi〉 < G ∪H, we have
p−1∑
m=0



















S〈gji 〉(d(N)) = 0







with at least one nH nonzero (since at least g
1
i is nontrivial). For each j =
1, . . . , r, we get a similar linear combination, and, since the g1j are independent,










where at least r or the nH are nonzero. It follows that Dp(K) = 0, as desired.
To prove Theorem F, we will need to understand SG(f) for each sub-
group G of Zp ⊕ Zp. Let G? = 〈(1, 1)〉 and let Ga = 〈(a, a + 1)〉 for a ∈ Zp.
Then, together, G? and the Ga represent the p+1 distinct subgroups of Zp⊕Zp.
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First let’s consider Z = L(p, 1)#L(p,−1) for a positive prime p. We
saw in Subsection 3.3.4 that we have an affine identification [si, sj] ∼ (i, j)
between Spinc(Z) and Zp ⊕ Zp.
Let f : H1(Z) → Q be given by f(x) = d(Z, [si, sj]), where [si, sj] ∼ x
is the given affine identification. It is possible to check using Equation 3.1 that




if a = 0,
− (p−1)(p+1)
6
if a = p− 1,
0 if a = ?,
0 otherwise.
Furthermore, by Proposition 3.6.1, we know that
D(L(n, 1)#L(n,−1))−D(Zp,kp)
is given by

































0 · · · 0 0 0 0 0 0 0 0 0 0 0 0 · · · 0 0 · · · 0
2 · · · 2 0 0 0 0 0 0 0 2 2 2 2 · · · 2 2 · · · 2
2 · · · 2 2 0 0 0 0 0 0 2 2 2 2 · · · 2 2 · · · 2
4 · · · 4 4 2 0 0 0 0 0 4 4 4 4 · · · 4 4 · · · 4














2kp · · · 2kp 2kp · · · 2kp 2kp 2 0 0 2kp 2kp 2kp 2kp · · · 2kp 2kp · · · 2kp
2kp · · · 2kp 2kp · · · 2kp 2kp 2kp 2 0 2 2kp 2kp 2kp · · · 2kp 2kp · · · 2kp














4 · · · 4 4 · · · 4 4 4 4 0 0 0 0 2 4 4 4 · · · 4
4 · · · 4 4 · · · 4 4 4 4 0 0 0 0 0 2 4 4 · · · 4
2 · · · 2 2 · · · 2 2 2 2 0 0 0 0 0 0 2 2 · · · 2
2 · · · 2 2 · · · 2 2 2 2 0 0 0 0 0 0 0 2 · · · 2

















0 · · · 0 0 · · · 0 0 0 0 0 0 0 0 0 0 0 0 · · · 0

.
Let S ′G =
∑
g∈GMg, where M is the above matrix and Mg = Mi,j, if




2k(p− 3) + 4 if a = 0,
0 if a = p− 1,
0 if a = ?,
(large positive number) otherwise.












− (2k(p− 3) + 4) if a = 0,
− (p−1)(p+1)
6
if a = p− 1,
0 if a = ?,
(large negative number) otherwise.
The upshot is that S
Zp,kp
Ga




− (2k(p− 3) + 4) < 0.
The left side will be negative if k ≥ p+5
12
. As we saw above in Subsection 3.3.5,





, which will satisfy this condition. Now we can prove
the following, recalling our set-up from Section 3.3.







1. No knot in the span (under connected sum) of the Kp,kp is smoothly
doubly slice.
2. Each of the Kp,kp has order greater than two in CD.
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3. The collection {Kp,kp} forms a basis for an infinitely generated subgroup
of CD.
Note that this is independent of the indeterminacies i↔ −i and j ↔ −j
discussed earlier. Notice also that Example 3.3.9 illustrates why we cannot
claim that the Kp,kp have infinite order in CD.
Proof. By Corollary 3.6.2, we know that each of these knots is nontrivial in
CD. First, we show (1). The discussion preceding this proposition shows that
the Grigsby-Ruberman-Strle invariant Dp is nonzero for Kp,kp . This follows
because, for these knots, S
Xp,kp
Ga
is nonnegative for only one subgroup of Zp⊕Zp.
Since the condition on Dp states that nG must be nonzero for at least two
distinct subgroups G, the sum
∑
G∈Gp nGSG(M) will always be nonzero. By
Theorem 3.7.2, this shows that #aKp,kp is not doubly slice for all a ∈ N. By
Proposition 3.3.10, Kp,kp#Kp,kp is nontrivial in CD, since Ap is rank 4 and not










# · · ·# (#npmKpm,kpm) .
Since the pi are all distinct primes, we get that Dpi(K) = Dpi(#niKpi,kpi ). It
is easy to see that, for the knots in question, Dpi(#niKpi,kpi ) 6= 0,since S
Zpi,kpi
Ga
is always nonpositive and strictly negative away from a single metabolizer. It
follows that Dpi(K) 6= 0. This proves that K is not doubly slice, and if any of
the npi are less than 3, then K is nontrivial in CD.
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By Corollary 3.3.5, each member of {Kp,kp} is topologically doubly
slice. It follows that these knots generate an infinitely generated subgroup of
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